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We investigate the linear stability of a thermally stratified fluid layer confined between horizontal walls and
subject to continuous injection of dilute thermal particles at one boundary and extraction at the opposite,
forming a particulate Rayleigh-Bénard (pRB) system. The analysis focuses on the influence of thermal coupling
between the dispersed and carrier phases, quantified by the specific heat capacity ratio e. Increasing e

systematically enhances stability, with this effect persisting across a wide range of conditions, including heavy
and light particles, variations in volumetric flux, injection velocity and direction, and injection temperature.
The stabilizing influence saturates when the volumetric heat capacity of the particles approaches that of the
fluid, ¢ = O(1). The physical mechanism is attributed to a modification of the base-state temperature profile
caused by interphase heat exchange, which reduces thermal gradients near the injection wall and weakens

buoyancy-driven motion.

1. Introduction

Particle-laden thermal convection is a phenomenon of broad scien-
tific and technological significance, emerging in systems where heat
transfer and buoyancy interact with dispersed solid, liquid, or gaseous
phases. Such flows are encountered across a wide spectrum of engi-
neering, environmental, and geophysical processes, from solar-thermal
receivers and packed-bed heat exchangers to magma chambers, sedi-
ment plumes, and atmospheric convection (Ho and Iverson, 2014; Ho,
2016; De Campos et al., 2008; Weber et al., 2020; Bergantz et al.,
2015; Mingotti and Woods, 2022; Ernst et al., 1996; Wright et al., 2001;
Grabowski and Wang, 2013; Patocka et al., 2022). In these systems, the
presence of suspended particles or bubbles modifies both momentum
and heat transport, often giving rise to new convective regimes, altered
heat-flux scaling, and pattern transitions not observed in single-phase
flows. In solar-energy applications, radiatively heated particle suspen-
sions are used as efficient volumetric absorbers in high-temperature
particle solar receivers and thermal-energy storage systems, where
particle-fluid coupling governs both absorption efficiency and convec-
tive stability (Ho, 2016; Yang et al., 2022). Similarly, fluidized-bed
reactors and granular heat exchangers rely on particle-laden convec-
tive transport for uniform temperature distribution and enhanced mix-
ing (Gidaspow, 1994; Grace et al.,, 2012). In materials processing
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— including metal casting, additive manufacturing, and solidification
control - the onset and structure of convection within the melt strongly
influence microstructural patterning and defect formation (Glicksman,
1988; Zheng et al., 2023).

The stability of a quiescent fluid layer containing a dispersed phase
of particles, drops, or bubbles is a classical problem in multiphase
fluid dynamics, known for its richness and complexity (Prosperetti and
Jones, 1987; Guazzelli and Hinch, 2011; Legendre and Zenit, 2025).
Even under idealized conditions, its mathematical formulation involves
numerous physical parameters describing the material properties of
both the carrier and dispersed phases, as well as their boundary and
injection conditions. The problem becomes more intricate when the
coupling between phases is not only mechanical but also thermal,
involving interphase heat transfer or, in more general cases, latent
heat exchange due to melting, condensation, or evaporation. When the
suspended particles are small, numerous, and sufficiently dilute, their
collective effect on the carrier fluid can be modeled using an Eulerian
two-fluid framework. Within this continuum approach, the dispersed
phase interacts with the carrier through drag, buoyancy, and thermal
coupling, allowing one to determine the parametric conditions under
which particle motion either stabilizes or destabilizes the fluid layer,
changing the onset of large-scale convection (Saffman, 1962).
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In recent decades a number of linear and weakly nonlinear stability
analyses have revisited such systems, clarifying mechanisms by which
the dispersed phase influences onset thresholds and pattern formation.
For instance, Nakamura et al. (2020, 2021) studied bubble-induced
convection in horizontal liquid layers via linear and bifurcation analy-
ses, demonstrating how bubble buoyancy and drag modify the critical
Rayleigh number. Similar efforts to include interphase coupling and
thermal effects in multiphase stability analysis were made by Ayukai
and Kanagawa (2023), who developed and analyzed a two-fluid model
for bubbly flows incorporating bubble oscillations, viscous damping,
and heat transfer. Srinivas and Tomar (2025) extended the investiga-
tion of particle-laden Rayleigh-Bénard convection through a weakly
nonlinear Landau-type analysis, showing how settling particles and
nonlinear mode interactions break symmetry and give rise to harmonic
generation and preferential concentration. Recently, Kang et al. (2025)
performed a linear stability analysis of particle-laden Rayleigh-Bénard
convection and found that the critical Rayleigh number increases with
the product of the particle mass loading and the non-dimensional
terminal velocity, indicating that settling small, heavy particles tend
to stabilize the flow. More recently, the stability of the particulate
Rayleigh-Bénard (pRB) system has been examined for various particle
densities, encompassing both heavy and light dispersed phases (Raza
et al.,, 2024). In this configuration, a viscous fluid layer is confined
between two horizontal plates held at different temperatures, the lower
plate being hotter, which establishes an unstable density stratification.
Particles are continuously introduced into the layer at their terminal
velocity and at a prescribed temperature, entering through the wall
they move away from — namely, the top wall for heavy particles that
fall downward and the bottom wall for light particles that rise upward —
and exiting at the other boundary. Linear stability analysis has shown
that the presence of particles increases the critical Rayleigh number
required for the onset of convection, indicating that the particulate
system is more stable than the single-phase case. This stabilizing be-
havior persists regardless of the relative density of the two phases and
the strength of the mechanical or thermal couplings. Similar results
were also obtained for heavy particles settling from the top boundary,
where convection was likewise suppressed (Prakhar and Prosperetti,
2021). In these studies, the injection velocity was fixed at the terminal
value, enforcing a uniform particle concentration throughout the layer
and preventing accumulation or depletion. A subsequent investigation
relaxed this constraint by allowing the injection velocity to differ
from the terminal one, exploring both sub-terminal and super-terminal
regimes (Raza et al., 2025). In that work, the thermal coupling between
the phases was retained but assumed weak, enabling focus on the
mechanical effects of particle injection and sedimentation. It was shown
that the injection velocity acts as a control parameter that can either
stabilize or destabilize the system, depending on the particle density
ratio and direction of motion. These results highlighted the key role
of boundary injection conditions in determining convective stability in
particulate Rayleigh-Bénard systems and motivated the present inves-
tigation into how energetic couplings, specifically the finite thermal
capacity of the dispersed phase, affect the onset of convection.

Previous stability analyses have mainly focused on the mechanical
aspects of particle-fluid coupling, whereas the influence of thermal
processes has received comparatively little attention. The common
assumption that particles instantaneously equilibrate thermally with
the surrounding fluid is convenient but often unrealistic. Finite parti-
cle size, heat capacity, and thermal conductivity introduce a nonzero
thermal relaxation time during which the particle temperature adjusts
to that of the local fluid. This delay defines the particle thermal
inertia, which controls the rate of interphase heat exchange. Thermal
inertia introduces a phase lag between fluid and particle temperature
fluctuations, altering the energy available to sustain convective motion.
Depending on the ratio of thermal relaxation to the characteristic flow
timescale, this effect can either enhance or suppress instability. In most
previous pRB studies, the thermal coupling strength was expressed
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through the volumetric heat capacity ratio, which combines the effects
of particle density and specific heat. In the present work, these contri-
butions are decoupled to isolate the role of particle thermal inertia. A
separate specific heat capacity ratio between the two phases, denoted e,
is introduced to describe the intrinsic thermal response of the particles
independently of their density ratio. This distinction separates the
energetic effects of heat storage and exchange from the mechanical
effects of buoyancy and momentum coupling, and it enables consistent
modeling of cases such as gas bubbles in liquids, where the thermal
coupling vanishes regardless of the particle heat capacity.

The objective of this study is to quantify the influence of finite
particle thermal inertia on the stability of the particulate Rayleigh—
Bénard system by varying the specific heat capacity ratio ¢, and thereby
the thermal relaxation time. The analysis extends the linear stability
framework developed in earlier work (Raza et al., 2024, 2025) to
include the coupled evolution of fluid and particle temperatures with
finite interphase heat transfer. Results show that particle thermal iner-
tia consistently delays the onset of convection, increasing the critical
Rayleigh number relative to both the particle-free and thermally equi-
librated (purely mechanically coupled) pRB systems. The stabilizing
mechanism originates from a modification of the fluid temperature
base state due to heat exchange with suspended particles. When the
coupling is strong, i.e. when ¢ > 1, the temperature profile flattens near
the particle injection region, reducing the thermal gradient that drives
convection. The resulting convective rolls are confined toward the op-
posite wall and require stronger buoyant forcing to develop. Although
thermal and mechanical couplings act simultaneously, their combined
effect can lead to destabilization when light particles dominate the
mechanical forcing. Overall, the analysis clarifies how finite particle
thermal inertia modifies the energetic balance governing convective
instability in particulate systems.

The paper is organized as follows. Section 2 presents the governing
equations and the dimensionless parameters that define the particulate
Rayleigh-Bénard model. Section 3 describes the base flow, the linear
stability formulation and the corresponding eigenvalue problem. Re-
sults are discussed in Section 4, emphasizing the influence of particle
thermal inertia on the onset of convection. Concluding remarks are
given in Section 5.

2. The particulate Rayleigh-Bénard model system

We adopt an Eulerian framework to describe the dynamics of a di-
lute suspension of macroscopic particles in the pRB configuration (Raza
et al.,, 2025). The particle volume concentration is assumed small,
allowing the carrier fluid to be treated as incompressible and governed
by the Navier-Stokes equations under the Boussinesq approximation for
the velocity u(x, r) and temperature T'(x, 1) fields. Owing to conservation
of total momentum and thermal energy, the particulate phase exerts
both mechanical and thermal feedback on the fluid. Each particle is
characterized by its material properties: density p,, diameter dp, and
specific heat capacity at constant pressure cp,. The dispersed phase is
further described by its volume concentration a(x,?), velocity w(x, 1),
and temperature T,(x, 1) fields. The governing conservation equations
for mass, momentum, and heat in both the continuous and dispersed
phases are written as follows:

0=V-u , ®
da=—-a(V-w) |, 2
D,u=—in+vV2u+[1—ﬂT(T—T,)]g 3)
3-p
‘a [(Du g+ (e- dw)] ,
12
dw = fDu+ ﬁ(u w+(1-pg , (€))

a2
1’
2 12k
DT =xVT+a DT——(T T,) and 5)
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a;T, = 15_2,( % é(T =T (6)

A few padditional observations are in order. The operators D,() =
0,0 +u- V() and d,0) = 9,0 + w - V() denote the material derivatives
for the fluid and particulate phases, respectively, where V() is the
spatial gradient operator. Three hydrodynamic forces are considered:
(i) Stokes drag, (ii) added-mass correction to fluid acceleration, and
(iii) buoyancy. The drag force is characterized by the viscous response
time 7, = di /(12v p), where v is the fluid kinematic viscosity. The
added-mass contribution depends on the modified density ratio f =
3p/(p + 2p,), where p is the fluid density. The particle temperature
is assumed spatially uniform (lumped approximation), with relaxation
toward the local fluid temperature governed by the timescale 7, =
B-p/ (2ﬁ)edi /(12x), where « is the fluid thermal diffusivity and e =
cpp/c, is the ratio of particle to fluid specific heat capacity at constant
pressure. The remaining constants include the fluid volumetric thermal
expansion coefficient g, at the reference temperature 7,, the gravita-
tional acceleration vector g, and the pressure field p(x,7). We stress
that the model takes into account thermal and mechanica couplings
between the fluid and the particles (two-way) but neglects particle—
particle (four-way) couplings, e.g. contact collisions and lubrication
forces.

The domain considered here is three-dimensional, unbounded in
the horizontal directions, and vertically confined between two parallel
walls located at z = + H /2, with the unit vector Z pointing upward. The
fluid satisfies no-slip boundary conditions at both walls (u = 0), which
are kept isothermal with a temperature difference AT. The bottom
wall is warmer, creating an unstable density stratification when g, >
0. Particles are injected from one wall at a constant volumetric flux
and prescribed velocity w*, expressed as a multiple of the terminal
velocity, wy = (1 — f)7,g. Particles with f < 1, hereafter referred
to as heavy particles, are injected from the top wall, whereas those
with g > 1, referred to as light particles, are injected from the bottom
wall. The particle inlet temperature is fixed at T, specified later.
Particle accumulation at the opposite wall is neglected, and particles
are assumed to leave the domain immediately upon arrival. Because the
particulate-phase equations are first order in space and lack diffusive
terms, only inlet boundary conditions are required to determine their
solution.

2.1. Dimensionless system

This model is rewritten in dimensionless form using the character-
istic height H, the thermal diffusion timescale H?/k, and the fluid
density p. The corresponding nondimensional variables are defined as
U = uH/x, P = pH?/(px?), @ = (T — T,)/AT, W = wH /x, and
6, = (T, — T,)/AT, representing the dimensionless velocity, pressure,
and temperature fields of the fluid and dispersed phases. Using the same
notation for the dimensionless derivatives and differential operators,
and defining the dimensionless space and time as X = (X,Y, Z) and 7,
the governing equations (1)-(6) can be rewritten as follows:

0=V-U , @)
dra = —a(V-W) , ®
D;U = —-VP+ PrvV*U+ PrRa©Z

a N\ 12Pr(3—p)
" 5[(ﬁ—l)(DTU+GaPr2Z)—T(U—W) . ©
d;W = p (DTU+ 1;12% (U—W)) ~(1-pGaPPZL (10)
D76 = V*0+a|Dr6 - ;722 (6-6,)| and an

12 28
dr@, = Eﬂ( -0, . 12
subject to the boundary conditions

U=0, 6=1at Z=-1/2 , U=0 ,0=0 at Z=+1/2 , (13)
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W=W'=W*Z , a=J/IW|l , 6,=0, at Z=2" , 14

where Z* is the position of the injection wall, which can be either
Z* =+1/2 or —1/2. The sign of W* depends on whether the particles
are heavier or lighter than the fluid, while the inlet flux J is defined
as positive.
In the dimensionless formulation, the characteristic parameters are
defined as
,_ PraTgH’? o gH> d,

Ga==>— d o=— | 15
VK K ¢ v2 an H as

where Ra is the Rayleigh number, representing the ratio of buoyant
to diffusive effects, Pr is the Prandtl number, expressing the relative
importance of momentum and thermal diffusivities, Ga is the Galileo
number, quantifying the balance between gravitational and viscous
forces, and @ is the particle-to-domain size ratio. Although Ga does not
depend on particle properties, it becomes a relevant control parameter
when particle-fluid coupling is included. In dimensionless form, the
terminal particle velocity is Wy = (§ — 1)/8 (®%/12) Ga Pr Z. Together
with the modified density ratio g, the particle inlet flux .7, and the inlet
velocity and temperature (W *, 8;), these quantities define the full set of
control parameters. In total, the model is governed by nine parameters:
three associated with the fluid phase (Ra, Pr,Ga) and six associated
with the particulate phase (@, f,¢,J, W*, @;).

3. Linear stability analysis
3.1. Conductive state

To determine the onset of natural convection in the pRB system,
its conductive equilibrium state must first be defined. This steady-state
corresponds to a quiescent configuration where particles either settle
or rise in a purely conductive fluid. Accordingly, one imposes U = 0,
W=Wy(Z)Z, P = Py(Z), a =ay(Z), 0 =6y(Z), and O, = 6,4(Z), and
rewrites Egs. (7)-(12) as:

D(agWy) =0 , (16)
. . 6ayPr(3—

0:—DP0+PrRa@0Z+%(ﬂ—l)GaPr2Z+WWo , (A7)
12 Pr g w, )

Wy DWy =~~~ ~(1=PGaPrL 18)

12

D*0, — 4)2" (69— 6,0)=0 and (19)
12 2p

WyDO, = — =2 (9,-0,) ., 20

00O = = 374 (0~ O0) (20)

where D denotes differentiation with respect to Z. The steady-state
Egs. (16)-(20), together with boundary conditions derived from (13)
and (14), are solved numerically to obtain the base-state fields.

The fluid and particle temperature base profiles are shown in Fig. 1
for different values of the specific heat capacity ratio e. This parameter
sets the strength of thermal coupling: small e yields rapid particle—
fluid thermal equilibration, whereas large ¢ implies a slower particle
response, effectively acting as distributed heat sources or sinks. Con-
sequently, increasing ¢ homogenizes the fluid temperature over most
of the domain and confines the imposed gradient to a narrow region
near the particle extraction wall. In general, particle concentration
varies with height, except when particles are injected at their terminal
velocity (W* = W), which yields a uniform concentration (Prakhar
and Prosperetti, 2021; Raza et al., 2024). For W* < W, (W* > Wy ),
particles accelerate (decelerate) toward W;, producing accumulation
(rarefaction) near the injection wall — upper region for heavy particles
and lower region for light ones. For the prescribed inflow used here, re-
ducing W* increases the inlet volumetric concentration (a« = J /||W*|)),
i.e. smaller inlet velocities lead to higher particle loading. Finally, the
pressure base state P, has no dynamical role in the analysis that follows.
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Fig. 1. Vertical dependence of the steady-state temperature fields of the (left) fluid ©,(Z) and (right) particulate ©,,(Z) phases, for (bottom) light and (top)
heavy particles, and different values of the specific heat capacity ratio e. The particle flux is set to J, = 533.3, W* = 0.5 W, and the particle injection temperature
65 is assumed to match the temperature of the wall from which they are introduced. The arrow indicate the direction of increase of e.

3.2. Perturbation equations

Having defined the equilibrium state of the pRB system, the next
step is to examine its linear stability. This is achieved by decomposing
all variables into their steady-state and small-amplitude perturbations,
linearizing the resulting equations, and assuming the perturbations can
be represented as normal modes of the form

(X, Z,T) = EZ)exp(ikX + AT) + c.c. (21)

where ¢ = U, W, o', 0 ,@I’] is the vector of perturbed quantities, c.c.
denotes the complex conjugate, and £"(Z) is the normal-mode ampli-
tude varying along the non-homogeneous direction Z. In the temporal
stability framework, k is the real wavenumber, and 4 = A, +i4;, with
A, representing the temporal growth rate of the perturbation and A,
its oscillation frequency. Substituting these definitions into the gov-
erning equations yields the following linear system for the perturbed
quantities:

ia" = —(ayDW}' + W/'Day) — ayikW — (WyDa" + «"DW,) ., (22)

A(D? = KHU!=Pr(D* - k*)*U" — Pr Rak*@"
Q
+7‘J F-DiaD*-kHuU!

Day 6 Pr(3 - )

D% 51y DU DU +ikW?"
+T(ﬂ— ) .~ DU +ik W)

@2
a6 Pr(3—f) . . s
—S Sk DW (D~ ) UL+ K W)
6Pr(3—pW,

- %(ﬂ—nGaPr%% Pan 23)

AW." + WyDW." + W." DW, = AU + lfzrﬁ(UZ" -w (24)
12P

AW+ WoDW, = paut + 22 g (25)

P2

12a
(1 - ap) [A0" + U"DOy| =a" 26, + (D* - k*)O" - F(@" -0)

12a"

0 (6y—0,) and (26)
12 28
A@;’ + VVODQZ + WanQpO = @ m(@" - @Z) s 27)

obtained by taking the double curl of the fluid momentum equation to
eliminate the pressure term and by applying the incompressibility con-
dition to remove the x-component of the velocity. The corresponding
boundary conditions, derived in the same way from (13) and (14), are

a"=W"=U]=DU} =0"=0at Z==+1/2 and
e)=0atZz=2z" . (28)

Egs. (22)-(28) are solved numerically using the shooting method,
with the critical conditions (Ra,, 4., k,) identified by minimizing Ra
with respect to k (Alves et al., 2019). To verify the results, a matrix-
forming approach is also employed. In this formulation, the differential
system is discretized with a fourth-order finite-difference scheme and
cast as a generalized algebraic eigenvalue problem. The resulting ma-
trix system is then solved using the Arnoldi method with a shift-and-
invert spectral transformation (Souza et al., 2021). Both methods show
excellent quantitative agreement, as shown in Table 1.

4. Results and discussion

In this study, some parameters are kept constant: Pr = 5, Ga =
1.92x 1010 ;' and @ = 1072. The critical Rayleigh number Ra, serves as

1 It is worth noting that this value matches the one used in our previous
works: Raza et al. (2025), where it was inadvertently reported incorrectly,
and Raza et al. (2024), where it appeared within the parameter A = GaPr?,
not used in the current study.
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Table 1

Numerical results for Ra, and k, for a selected subset of particle classes
with g and e values, corresponding to results in Fig. 4. We compare results
from Shooting method (SM) and Matrix-Forming methods (MFM). The
case # = 3 is independent of the ¢ value, i.e., it corresponds to the case
of no thermal coupling.

e B Ra, (SM) k. (SM)  Ra, (MFM)  k, (MFM)
0.1 7.1900 x 103 3.9431 7.1906 x 10° 3.9430
0.5 73801 x 104 7.1761 7.3875 x 10 7.1856
o1 038 24175% 105 102235 24027 x 10° 10.2477
) 25 4.0072 % 10° 4.0464 4.0905 x 10° 4.0687
27 2.0326 x 10 3.8158 2.0679 x 10° 3.8267
238 1.5002 x 10° 3.7425 1.5204 x 10° 3.7493
0.1 7.2184 x 103 3.9469 7.2189 x 10° 3.9468
05 8.1400 x 10 7.4711 8.1479 x 10* 7.4799
10 038 3.0225% 105 11.6887 3.0249 x 10° 11.7043
: 25 3.0544x 10° 52199 3.0827 x 104 52603
27 18142 % 104 47702 1.8306 x 10* 47913
2.8 1.1465x 104 4.5051 1.1465 x 10* 4.5050
0.1 7.2645 x 103 3.9477 7.2208 x 10° 3.9470
0.5 8.2220x 10°  7.5019 8.2291 x 10* 7.5106
10 038 3.0814% 105 11.8536 3.0836 x 10° 11.8685
25 44727% 10 55611 45033 x 104 5.6012
27 35091 x 104 5.1823 3.5318 x 10 5.2096
238 30113104 4.9950 3.0113 x 10* 4.9950
Ve€[0,00) 3.0 9.6150x 10> 3.6948 9.6621 x 10? 3.7146

the primary control variable for the stability analysis. The parameters
varied are g, e, @;, J, and W*. Unless otherwise stated, the particle
flux and injection velocity are set to J, = 533.3 and W* = 0.5W;,
respectively, whereas the particle injection temperature ©* equals the
temperature of the wall from which the particles are introduced — hot
(@; = 1) for light particles injected from below, and cold (8; = 0) for
heavy particles injected from above.

4.1. Influence of the specific heat capacity ratio

Fig. 2 shows the dependence of the critical Rayleigh number Ra,
on the specific heat capacity ratio e for representative values of f
corresponding to heavy and light particles. The parameter ¢ quantifies
the efficiency of heat exchange between particles and fluid, thereby
controlling the strength of thermal coupling. For small ¢, the particle
heat capacity is negligible compared to that of the fluid, and the
particles rapidly equilibrate with the surrounding temperature field.
In contrast, for large e, particles act as distributed heat sources or
sinks, influencing the local thermal field while maintaining their own
temperature. While the limit ¢ — o is idealized, large but finite values
of ¢ can be physically relevant. For example, the specific heat capacity
ratio of ice particles in air is ~2 while cryogenic liquid hydrogen
drops in mercury (Hg) it is ~100. In contrast, for solid particles such
as sand in water ratio becomes ~0.19 and for metal particles such
as cooper (Cu) in water the ratio is ~0.09. The mechanical coupling
between the two phases remains unaffected, as it is independent of
e. This separation of mechanical and thermal effects distinguishes
the present parametrization from earlier pRB studies. The results in
Fig. 2 show that stronger thermal coupling systematically increases
system stability, as reflected by higher Ra, values for both heavy
and light particles. The stabilizing trend persists until a saturation
point, beyond which further increases in ¢ no longer affect the critical
thresholds. This saturation behavior is also observed in the critical
wavenumber k.. In case of extreme heat capacity ratio (¢ — )
the temperature of the particulate phase does not change and also
in this case particle energy equation can be discarded. We have to
reconstruct the base state which follows from Egs. (11) and (12)
as,

12«
2 0
D0, - — (= @:) =0 (29)
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Fig. 2. Effect of thermal coupling on the critical stability thresholds of the
particulate Rayleigh-Bénard (pRB) system for heavy and light particles. Panel
(a) shows the critical Rayleigh number Ra., while panel (b) presents the
critical wavenumber k.. The horizontal dashed colored lines correspond to the
limiting case ¢ = 0, which represents purely mechanical coupling without any
thermal effects, while the dotted horizontal lines represents the limiting case
€ — oo, where the instability reaches a clear plateau. The black dashed line
indicates the reference Rayleigh-Bénard threshold for a single-phase system
Ra, = 1708. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Finally, the stabilizing effect is not monotonic with g for the three
representative cases shown in Fig. 2; this dependence is further dis-
cussed in Section 4.3.

4.2. Impact of injection temperature

Fig. 3 shows that the stabilizing effect of ¢ is independent of the
particle injection temperature. This is evident from the similar trends of
Ra,(¢) for cases where particles enter the system with the temperature
of the injection wall or with that of the opposite wall. Although the
absolute Ra, values differ between these cases, the stabilizing tendency
with increasing € remains unchanged for both heavy and light particles.
As ¢ — 0, the influence of the injection temperature vanishes, and
both curves converge to the critical Rayleigh number of the purely
mechanically coupled system.
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Fig. 4. Impact of particle density on system stability for a wide range of
density and three representative heat capacity ratios e. Panel (a) shows the
critical Rayleigh number Ra, as a function of the modified density ratio g,
with the black dashed line showing the reference Rayleigh-Bénard threshold
corresponding to a single-phase system (Ra, = 1708). Panel (b), on the other
hand, presents the critical wavenumber &, as a function of g, the dashed line
represents the critical wavenumber in the single-phase case. The gray area in
both graphs denotes the region where the model reaches its limit of validity.
Specifically, the case p = 1 corresponds to a singular condition in which
obtaining consistent results becomes difficult.

4.3. Influence of the particulate mass density

Figs. 4(a) and 4(b) show the respective dependence of the critical
Rayleigh and wavenumbers, Ra, and k., on the density ratio parameter
p for three different values of the specific heat capacity ratio e. The
horizontal dashed lines mark the corresponding reference Rayleigh—
Bénard thresholds, Ra, = 1708 and k. = 3.117. Three distinct regimes
can be identified.

On the left-hand side of both figures (§ < 1), corresponding to
particles denser than the fluid, the three curves nearly collapse onto
one another, indicating that thermal coupling has little influence in
this regime. Even in the extremely heavy particle limit (4 — 0),
where particles behave as distributed constant-temperature sources, as
suggested by Egs. (5) and (6), the stability is dominated by mechanical
coupling. For f = 0 (the ballistic limit), particles retain a constant
temperature and accelerate uniformly, resulting in an infinite terminal
velocity. Since in our analysis the particles are injected at a velocity that
is a fraction of their terminal velocity and the particle flux is held con-
stant, this effectively means no particles can be injected. In this limit,
the system thus reduces to the classical single-phase Rayleigh-Bénard
problem, with a convective onset at Ra, ~ 1708.

As the particle density approaches that of the carrier (§ — 1),
the system becomes increasingly stable, i.e. Ra, rises sharply, and
the dominant disturbances become smaller, i.e. k, increases. The limit
p — 1 is singular in the present model: maintaining a constant inlet
particulate flux would require a particle concentration exceeding the
dilute limit, leading to nonphysical or divergent solutions. This likely
explains why the two numerical methods no longer yield consistent
results near § ~ 1, marked as the gray-shaded region in both figures.
Only data points for which consistent results were obtained across all
methods are shown.

In the light-particle regime (§ > 1), distinct trends emerge. As f
increases beyond unity, the three curves separate, showing that the
influence of the specific heat capacity ratio ¢ becomes significant.
Consistent with previous results, larger e values, i.e. stronger particle
heat capacity relative to the fluid — lead to higher critical Rayleigh
and wavenumbers, indicating increased stability and smaller domi-
nant structures, respectively. When f is sufficiently large, however, all
curves shift downward. For instance, when ¢ = 0.1, Ra, falls below the
single-phase Rayleigh-Bénard threshold. Varying g therefore modifies
both mechanical and thermal coupling effects. This dual influence can
be seen directly in Eq. (6), where the limit § — 3 is equivalent to ¢ —
0. In this limit, the particles instantaneously adjust their temperature
to that of the surrounding fluid. The resulting dimensional equation

governing the fluid temperature is
D,T = —X—V°T. (30)
l-a

This result indicates that bubbles (f = 3) and particles with vanishing
specific heat capacity (e = 0) modify the thermal properties of the fluid
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Fig. 5. (a) Critical Rayleigh number and (b) critical wavenumber as functions of inlet velocity, showing the onset of instability for heavy particles with g = 0.5

under different thermal coupling strengths and particulate flux conditions.

solely through an excluded-volume effect. In particular, the effective
thermal diffusivity of the fluid is enhanced by a factor 1/(1 — «). In
the present study, this correction is negligible, since the mean particle
concentration is O(1073).

4.4. Impact of particle injection velocity and inlet flux

Both trends discussed above, namely the increase in stability and
dominant disturbance size observed when increasing particle thermal
inertia, persist when the particle injection velocity W* and volumetric
particle flux J are varied, as respectively illustrated in Figs. 5 and 6.

For the heavy particles shown in Fig. 5, variations in J and W*
do not produce qualitative differences between the weak and strong
thermal coupling regimes, corresponding to ¢ = 5x 1073 and ¢ = 200,
respectively. However, when the inlet particle flux increases, the influ-
ence of ¢ on the stabilization magnitude becomes strongly amplified:
a 50% increase in J nearly doubles the value of Ra.. This parameter
has a qualitatively similar effect on the dominant wavenumber size k.,
although it is not as quantitatively strong.

For the light particles shown in Fig. 6, similar trends are observed
with respect to J. In contrast, increasing the inlet particle veloc-
ity promotes rather than weakens stability. Furthermore, it decreases
rather than increases dominant disturbance size for high enough e.
Overall, the results show that higher particle fluxes and larger specific
heat capacity ratios enhance system stability for both heavy and light
particles, although the relative importance of W* differs between the
two regimes.

4.5. Fluid and particle patterns at the onset of instability

The linear stability analysis enables the visualization of fluid and
particle patterns at the onset of natural convection. These fields are
representative of the physical system as long as disturbance amplitudes
remain small, such that the linear approximation holds, i.e. before
nonlinear saturation mechanisms become significant. Despite this limi-
tation, the analysis provides valuable insight into the linear interaction
between fluid and particle patterns. In addition, it allows examination
of whether a nonuniform spatial distribution of particles can develop
at the onset of convection.

Within the framework of linearized dynamics, only particle injec-
tions with velocities differing from their terminal value can generate
spatial inhomogeneities, as shown in Raza et al. (2025). Fig. 7 present
visualizations of the velocity and temperature fields of both the fluid
and dispersed phases, together with the particle concentration, at the

onset of convection for heavy particles (§ = 0.5). Only disturbance
fields are displayed; base-state contributions are omitted.

When particle thermal inertia is high, the particle temperature does
not relax to that of the surrounding fluid and therefore remains nearly
constant. Regions where both the fluid and particles are colder — that
is, exhibit negative temperature disturbances — correspond to zones of
high particle concentration. This behavior is expected since initially
cold particles are injected from above and dispersed near the lower
wall due to downwelling plumes. Varying the parameter ¢ does not
alter this trend. Another notable feature is the dependence of the dom-
inant disturbance wavelength on particle inertia: larger inertia leads
to smaller convection patterns. Similar behavior is observed for light
particles (B = 2.5), shown in Fig. 8, the only difference being that light
particles accumulate near the upper wall in upwelling plumes (Raza
et al., 2025).

5. Conclusion

A linear stability analysis of particulate Rayleigh-Bénard convection
was conducted to quantify the influence of particle thermal inertia,
density ratio, and injection conditions on the onset of convection. The
study combined the coupled momentum and energy equations for the
fluid and dispersed phases to determine how each parameter modifies
the critical Rayleigh number and wavenumber. Particle thermal inertia,
represented by the specific heat capacity ratio e, has a stabilizing
effect on the system. Increasing ¢ homogenizes the temperature field,
weakens buoyancy-driven motion, and raises both the critical Rayleigh
number and the dominant wavenumber, indicating smaller convection
cells. This stabilizing trend is independent of the particle injection
temperature and roughly saturates beyond ¢ = O(1). The density ratio
p exerts an asymmetric influence: both heavy (f < 1) and light (8 > 1)
particles stabilize the system relative to the single-phase case, but the
effect is stronger for heavy particles. For § — 1, the model reaches a
singular limit where maintaining a constant particle flux would violate
the dilute suspension assumption. For large f, the system approaches
the “bubble” limit (§ = 3), where thermal coupling vanishes. In such
case the system may become even more unstable that the classical
single phase RB system. Variations in the inlet particle velocity W*
and volumetric flux J modulate the stabilizing effect of e. Higher
fluxes enhance the influence of particle thermal inertia for both heavy
and light particles. However, increasing W* promotes stability in the
light-particle regime but not in the heavy-particle one.

These findings clarify the distinct roles of particle thermal and
mechanical couplings in the stability of particulate Rayleigh-Bénard
systems. They provide a quantitative foundation for nonlinear analysis
either theoretical or numerical and experimental studies, which are
currently being pursued.
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