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Models



How to describe the motion of a fluid
Two point of views 

<latexit sha1_base64="PbQmpl9X/9/WW4gdb7zVv8gsj60=">AAACA3icbZDLSsNAFIZP6q3GW9SdbgaLUEFKIlJdFt24rGAv0IYymU7aoZMLMxOxhIIbX8WNC0Xc+hLufBsnbQSt/jDw8Z9zmHN+L+ZMKtv+NAoLi0vLK8VVc219Y3PL2t5pyigRhDZIxCPR9rCknIW0oZjitB0LigOP05Y3uszqrVsqJIvCGzWOqRvgQch8RrDSVs/a6wZYDT0/TSblb7ybHKsjE/Wskl2xp0J/wcmhBLnqPeuj249IEtBQEY6l7Dh2rNwUC8UIpxOzm0gaYzLCA9rRGOKASjed3jBBh9rpIz8S+oUKTd2fEykOpBwHnu7M1pTztcz8r9ZJlH/upiyME0VDMvvITzhSEcoCQX0mKFF8rAETwfSuiAyxwETp2EwdgjN/8l9onlScaqV6fVqqXeRxFGEfDqAMDpxBDa6gDg0gcA+P8AwvxoPxZLwab7PWgpHP7MIvGe9fUQeXTg==</latexit>

u(x, t)

a.k.a. spatial or field description
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Euler

<latexit sha1_base64="w04KH3vUfiMRR/hCufybMeHuL38=">AAAB+3icbVDLSgMxFM34rPU11qWbYBEqSJkRqS6LblxWsA/oDCWTZtrQTDIkGWkZ5lfcuFDErT/izr8x085CWw8EDufcyz05Qcyo0o7zba2tb2xubZd2yrt7+weH9lGlo0QiMWljwYTsBUgRRjlpa6oZ6cWSoChgpBtM7nK/+0SkooI/6llM/AiNOA0pRtpIA7viybGoeRHS4yBMp9mFPh/YVafuzAFXiVuQKijQGthf3lDgJCJcY4aU6rtOrP0USU0xI1nZSxSJEZ6gEekbylFElJ/Os2fwzChDGAppHtdwrv7eSFGk1CwKzGQeUi17ufif1090eOOnlMeJJhwvDoUJg1rAvAg4pJJgzWaGICypyQrxGEmEtamrbEpwl7+8SjqXdbdRbzxcVZu3RR0lcAJOQQ244Bo0wT1ogTbAYAqewSt4szLrxXq3Phaja1axcwz+wPr8AbVrlD4=</latexit>

⇢(x, t)

<latexit sha1_base64="zVzLj7Ntt9uspPaUU9+l1DMQ8F4=">AAACHHicbVBNS8NAEN34bf2qevSyWIQWpCQq1YsgevFYwaZCU8Jms2kXN5uwOxFLyA/x4l/x4kERLx4E/43bj4NaHww83pthZl6QCq7Btr+smdm5+YXFpeXSyura+kZ5c8vVSaYoa9FEJOomIJoJLlkLOAh2kypG4kCwdnB7MfTbd0xpnshrGKSsG5Oe5BGnBIzklw+9SBGah0UeQuFxCX7uVqFWYE/1k6oXE+gHUX5f7EPNwzh08Sm2/XLFrtsj4GniTEgFTdD0yx9emNAsZhKoIFp3HDuFbk4UcCpYUfIyzVJCb0mPdQyVJGa6m4+eK/CeUUIcJcqUBDxSf07kJNZ6EAemc3it/usNxf+8TgbRSTfnMs2ASTpeFGUCQ4KHSeGQK0ZBDAwhVHFzK6Z9YtICk2fJhOD8fXmauAd1p1FvXB1Vzs4ncSyhHbSLqshBx+gMXaImaiGKHtATekGv1qP1bL1Z7+PWGWsys41+wfr8BneXoOg=</latexit>

d

dt

Z

V (t)
⇢(x, t) dV = 0

<latexit sha1_base64="nl9iba2r+eAOmY0NJuM66T++Jf8="></latexit>Z

V (t)
@t⇢(x, t) dV +

Z

S(t)
⇢ n̂ · u dS = 0

 R
ey

nold
s t

ra
nsp

or
t t

h.

<latexit sha1_base64="2m/usG0NMK9vtcFoQ69BJAzQ+dg="></latexit>Z

V
@t⇢+r · (⇢u) dV = 0

 Gauss th.
<latexit sha1_base64="OqbSzaN9YV17O6YD7wyMy5aMqHQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyURqV6EohePFewHtKFsNpt26e4m7G6EGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCBhVGnX/bZKa+sbm1vl7crO7t5+1T447Kg4lZi0ccxi2QuQIowK0tZUM9JLJEE8YKQbTG5nfveRSEVj8aCnCfE5GgkaUYy0kYZ2dRBJhLMwz0Kd82t3aNfcujuHs0q8gtSgQGtofw3CGKecCI0ZUqrvuYn2MyQ1xYzklUGqSILwBI1I31CBOFF+Nj88d06NEjpRLE0J7czV3xMZ4kpNeWA6OdJjtezNxP+8fqqjKz+jIkk1EXixKEqZo2NnloITUkmwZlNDEJbU3OrgMTJJaJNVxYTgLb+8Sjrnda9Rb9xf1Jo3RRxlOIYTOAMPLqEJd9CCNmBI4Rle4c16sl6sd+tj0Vqyipkj+APr8wfyFJNK</latexit>

d

dt
m = 0

<latexit sha1_base64="8vB4//tQMGF7crSHI2D++pJW8RM="></latexit>

a(x, t) = �rp

⇢f
+ ⌫r2u+ g

<latexit sha1_base64="EJ4arTuWcjk9FIx0lqkz3hSuBqM="></latexit>Z

V
⇢ a dV =

Z

V
r · � + ⇢ g dV = 0

<latexit sha1_base64="fNcFaD3ImWmw4ZCVeSII5bDOVj0=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIVDdCURCXFUxbaEqZTCbt0JkkzEyEEvILbvwVNy4UcevOnX/jpA2irQcGzpxzL/fe48WMSmVZX0ZpaXllda28XtnY3NreMXf32jJKBCYOjlgkuh6ShNGQOIoqRrqxIIh7jHS88VXud+6JkDQK79QkJn2OhiENKEZKSwOz5gYC4dTPUl9lNQ5djtTIC1InO4YXP7/rDA7MqlW3poCLxC5IFRRoDcxP149wwkmoMENS9mwrVv0UCUUxI1nFTSSJER6jIelpGiJOZD+dXpTBI634MIiEfqGCU/V3R4q4lBPu6cp8RTnv5eJ/Xi9RwXk/pWGcKBLi2aAgYVBFMI8H+lQQrNhEE4QF1btCPEI6IqVDrOgQ7PmTF0n7pG436o3b02rzsoijDA7AIagBG5yBJrgBLeAADB7AE3gBr8aj8Wy8Ge+z0pJR9OyDPzA+vgHkRJ0M</latexit>

d

dt
(mU) = F

<latexit sha1_base64="Mowb/0MiIS4qMV9Vy4HFi0NvGmU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbB07IrUr0IRS8eK9gPaNeSTbNtaDZZkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0w408bzvp3Cyura+kZxs7S1vbO7V94/aGqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2Fo5up33qkSjMp7s04oUGMB4JFjGBjpYeuGkp0hYgU2rioV654rjcDWiZ+TiqQo94rf3X7kqQxFYZwrHXH9xITZFgZRjidlLqppgkmIzygHUsFjqkOstnVE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugwyJpLUUEHmi6KUIyPRNALUZ4oSw8eWYKKYvRWRIVaYGBtUyYbgL768TJpnrl91q3fnldp1HkcRjuAYTsGHC6jBLdShAQQUPMMrvDlPzovz7nzMWwtOPnMIf+B8/gAo3JGo</latexit>

⇢ = const.
<latexit sha1_base64="PfePOWrzGZFqDPfAOgPpJfbBA/Q=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBKR6kUoevFYwX5AE8pku2mXbjZhdyOU0IMX/4oXD4p49Ud489+4aXPQ1gcDj/dmmJkXJJwp7Tjf1srq2vrGZmmrvL2zu7dvHxy2VZxKQlsk5rHsBqAoZ4K2NNOcdhNJIQo47QTjm9zvPFCpWCzu9SShfgRDwUJGQBupb1c8AQEH7JFBrLEXgR4FYZZO8RV2+nbVqTkz4GXiFqSKCjT79pc3iEkaUaEJB6V6rpNoPwOpGeF0WvZSRRMgYxjSnqECIqr8bPbEFJ8YZYDDWJoSGs/U3xMZREpNosB05leqRS8X//N6qQ4v/YyJJNVUkPmiMOVYxzhPBA+YpETziSFAJDO3YjICCUSb3MomBHfx5WXSPqu59Vr97rzauC7iKKEKOkanyEUXqIFuURO1EEGP6Bm9ojfryXqx3q2PeeuKVcwcoT+wPn8AY7yXTA==</latexit>r · u = 0if

<latexit sha1_base64="BYo6xLGy1EeuAN4YB0A0r8UJfjg="></latexit>

� = �⇢fpI + µf (ru+ruT )
<latexit sha1_base64="N/3D6x2HxdDmQaqLBEI5TAKr3P4=">AAACNHicbVDLSgMxFM34rPU16tJNsAiCUGZEqhuhqAvBTQX7gE4pd9JMG5rJDElGKEM/yo0f4kYEF4q49RvMtF304YHAyTn3cu89fsyZ0o7zbi0tr6yurec28ptb2zu79t5+TUWJJLRKIh7Jhg+KciZoVTPNaSOWFEKf07rfv8n8+hOVikXiUQ9i2gqhK1jACGgjte3727bGXgi65wdpMsRX2ItBagZ8Vj+d/nikExlXgM9hSm/bBafojIAXiTshBTRBpW2/ep2IJCEVmnBQquk6sW6l2XzC6TDvJYrGQPrQpU1DBYRUtdLR0UN8bJQODiJpntB4pE53pBAqNQh9U5ltqOa9TPzPayY6uGylTMSJpoKMBwUJxzrCWYK4wyQlmg8MASKZ2RWTHkgg2uScNyG48ycvktpZ0S0VSw/nhfL1JI4cOkRH6AS56AKV0R2qoCoi6Bm9oU/0Zb1YH9a39TMuXbImPQdoBtbvH+wIq6s=</latexit>

Dtu = @tu+ u ·ru



How to describe the motion of a fluid

<latexit sha1_base64="/ARB6HQod3VpwLHF59xmpMhHE0Q=">AAACGHicbVDLSgMxFM3UV62vqks3wSK0IHVGpLoRim5cVrAPaIeSSTNtaOZBckcsw3yGG3/FjQtF3Hbn35hpK2rrgcDJOfdy7z1OKLgC0/w0MkvLK6tr2fXcxubW9k5+d6+hgkhSVqeBCGTLIYoJ7rM6cBCsFUpGPEewpjO8Tv3mPZOKB/4djEJme6Tvc5dTAlrq5k86vQDijkdg4LjxQ5LgS/z9i5Lij1GE0jGUcDdfMMvmBHiRWDNSQDPUuvmxnkAjj/lABVGqbZkh2DGRwKlgSa4TKRYSOiR91tbUJx5Tdjw5LMFHWulhN5D6+YAn6u+OmHhKjTxHV6aLqnkvFf/z2hG4F3bM/TAC5tPpIDcSGAKcpoR7XDIKYqQJoZLrXTEdEEko6CxzOgRr/uRF0jgtW5Vy5fasUL2axZFFB+gQFZGFzlEV3aAaqiOKHtEzekVvxpPxYrwbH9PSjDHr2Ud/YIy/AMMYoDE=</latexit>

ẋ = u(x(t), t)

aka material or particle description
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Two point of views 
Lagrange

<latexit sha1_base64="4fschORld0fZGgzURi4sjRPbhK4=">AAACG3icbVDJSgNBEO2JW4zbqEcvjUFILmEmSPQiBPXgMYJZIAmhp6cnadKz0F0jhmH+w4u/4sWDIp4ED/6NnUXUxAcFj/eqqKrnRIIrsKxPI7O0vLK6ll3PbWxube+Yu3sNFcaSsjoNRShbDlFM8IDVgYNgrUgy4juCNZ3hxdhv3jKpeBjcwChiXZ/0A+5xSkBLPbPccd0Qko5PYOB4yV2a4jN82QP8rcRp4ccsQLGIe2beKlkT4EViz0gezVDrme8dN6SxzwKggijVtq0IugmRwKlgaa4TKxYROiR91tY0ID5T3WTyW4qPtOJiL5S6AsAT9fdEQnylRr6jO8dnqnlvLP7ntWPwTrsJD6IYWECni7xYYAjxOCjscskoiJEmhEqub8V0QCShoOPM6RDs+ZcXSaNcsiulyvVxvno+iyOLDtAhKiAbnaAqukI1VEcU3aNH9IxejAfjyXg13qatGWM2s4/+wPj4At7poUo=</latexit>

ẍ = Dtu(x(t))
<latexit sha1_base64="fNcFaD3ImWmw4ZCVeSII5bDOVj0=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0Wom5KIVDdCURCXFUxbaEqZTCbt0JkkzEyEEvILbvwVNy4UcevOnX/jpA2irQcGzpxzL/fe48WMSmVZX0ZpaXllda28XtnY3NreMXf32jJKBCYOjlgkuh6ShNGQOIoqRrqxIIh7jHS88VXud+6JkDQK79QkJn2OhiENKEZKSwOz5gYC4dTPUl9lNQ5djtTIC1InO4YXP7/rDA7MqlW3poCLxC5IFRRoDcxP149wwkmoMENS9mwrVv0UCUUxI1nFTSSJER6jIelpGiJOZD+dXpTBI634MIiEfqGCU/V3R4q4lBPu6cp8RTnv5eJ/Xi9RwXk/pWGcKBLi2aAgYVBFMI8H+lQQrNhEE4QF1btCPEI6IqVDrOgQ7PmTF0n7pG436o3b02rzsoijDA7AIagBG5yBJrgBLeAADB7AE3gBr8aj8Wy8Ge+z0pJR9OyDPzA+vgHkRJ0M</latexit>

d

dt
(mU) = F

and trajectories do not cross
<latexit sha1_base64="OqbSzaN9YV17O6YD7wyMy5aMqHQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyURqV6EohePFewHtKFsNpt26e4m7G6EGvJLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCBhVGnX/bZKa+sbm1vl7crO7t5+1T447Kg4lZi0ccxi2QuQIowK0tZUM9JLJEE8YKQbTG5nfveRSEVj8aCnCfE5GgkaUYy0kYZ2dRBJhLMwz0Kd82t3aNfcujuHs0q8gtSgQGtofw3CGKecCI0ZUqrvuYn2MyQ1xYzklUGqSILwBI1I31CBOFF+Nj88d06NEjpRLE0J7czV3xMZ4kpNeWA6OdJjtezNxP+8fqqjKz+jIkk1EXixKEqZo2NnloITUkmwZlNDEJbU3OrgMTJJaJNVxYTgLb+8Sjrnda9Rb9xf1Jo3RRxlOIYTOAMPLqEJd9CCNmBI4Rle4c16sl6sd+tj0Vqyipkj+APr8wfyFJNK</latexit>

d

dt
m = 0

<latexit sha1_base64="PfgfjoeW9bOy3+WvJQ5KpfkvpXk=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgadkVqV6EohdPUsF+QLuUbJptQ7NJSGaFUvo3vHhQxKt/xpv/xrTdg1YfDDzem2FmXqwFtxAEX15hZXVtfaO4Wdra3tndK+8fNK3KDGUNqoQy7ZhYJrhkDeAgWFsbRtJYsFY8upn5rUdmLFfyAcaaRSkZSJ5wSsBJ3buexleYKmnB75UrgR/Mgf+SMCcVlKPeK392+4pmKZNABbG2EwYaogkxwKlg01I3s0wTOiID1nFUkpTZaDK/eYpPnNLHiTKuJOC5+nNiQlJrx2nsOlMCQ7vszcT/vE4GyWU04VJnwCRdLEoygUHhWQC4zw2jIMaOEGq4uxXTITGEgoup5EIIl1/+S5pnflj1q/fnldp1HkcRHaFjdIpCdIFq6BbVUQNRpNETekGvXuY9e2/e+6K14OUzh+gXvI9v1YSQ7A==</latexit>

Np = const.

<latexit sha1_base64="iO1wMf5DZCrCqnd2jVrcpc5xDUI=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVpCQiVXBTdOOygn1AG8JkOmmHTh7M3IgldOvGX3HjQhG3/oE7/8ZJm0VtPTBw5px7ufceLxZcgWX9GEvLK6tr64WN4ubW9s6uubffVFEiKWvQSESy7RHFBA9ZAzgI1o4lI4EnWMsb3mR+64FJxaPwHkYxcwLSD7nPKQEtuSbuBgQGnp8+jl2/DFczX+sUXOvENUtWxZoALxI7JyWUo+6a391eRJOAhUAFUapjWzE4KZHAqWDjYjdRLCZ0SPqso2lIAqacdHLJGB9rpYf9SOoXAp6osx0pCZQaBZ6uzBZV814m/ud1EvAvnZSHcQIspNNBfiIwRDiLBfe4ZBTESBNCJde7YjogklDQ4RV1CPb8yYukeVaxq5Xq3Xmpdp3HUUCH6AiVkY0uUA3dojpqIIqe0At6Q+/Gs/FqfBif09IlI+85QH9gfP0CHS+Z9Q==</latexit>

xf (t;x0, t0)



A particle does not go with the flow

<latexit sha1_base64="rkmqPZPeukcj5HpWQOOvQxud7EY=">AAACInicbVDLSgMxFM3UV62vqks3wSLUTZkRqboQim5cVrAPaMuQSTNtaOZBcqdYhvkWN/6KGxeKuhL8GDPtLGrrgcDJOfcm9x4nFFyBaX4buZXVtfWN/GZha3tnd6+4f9BUQSQpa9BABLLtEMUE91kDOAjWDiUjniNYyxndpn5rzKTigf8Ak5D1PDLwucspAS3Zxatuvx9A3PUIDB03fkwSO8TXuDsvjpMklbKbm9jDMpxiu1gyK+YUeJlYGSmhDHW7+KlfpZHHfKCCKNWxzBB6MZHAqWBJoRspFhI6IgPW0dQnHlO9eLpigk+00sduIPXxAU/V+Y6YeEpNPEdXpnOqRS8V//M6EbiXvZj7YQTMp7OP3EhgCHCaF+5zySiIiSaESq5nxXRIJKGgUy3oEKzFlZdJ86xiVSvV+/NS7SaLI4+O0DEqIwtdoBq6Q3XUQBQ9oRf0ht6NZ+PV+DC+ZqU5I+s5RH9g/PwCLbCkpQ==</latexit>

ẍp = v̇ = fh(t)

6

Used by Einstein (1905) in his famous article on Brownian motion

<latexit sha1_base64="dvut+QMC0PWIIX7rZjcByH90aSY="></latexit>

Rep =
||u� v||(2rp)

⌫
⌧ 1

<latexit sha1_base64="CqIgrbpmIcY8NNGUUzws3RSy6xQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnshHM0kxiOlQ8ogzaqzk14jqp/1yxa26C5B14uWkAjma/fJXb5CwLEZpmKBadz03NcGUKsOZwFmpl2lMKRvTIXYtlTRGHUwXx87IhVUGJEqULWnIQv09MaWx1pM4tJ0xNSO96s3F/7xuZqKbYMplmhmUbLkoygQxCZl/TgZcITNiYgllittbCRtRRZmx+ZRsCN7qy+ukVat6V9X6Q73SuM3jKMIZnMMleHANDbiHJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBLEeOSA==</latexit>

2rp

Stokes (1851)	

<latexit sha1_base64="8QBBOUompxoPeFcKPUp30BiDbJc=">AAACHnicbVDLSgMxFM3UV62vqks3wSLUTZkRrW6EohuXFewD2lIyaaYNzWTG5E6xDPMlbvwVNy4UEVzp35g+FG09EDg5517uvccNBddg259WamFxaXklvZpZW9/Y3Mpu71R1ECnKKjQQgaq7RDPBJasAB8HqoWLEdwWruf3LkV8bMKV5IG9gGLKWT7qSe5wSMFI7e9LsBBA3fQI914vvkqQd4nP8/R8keTjETcluf6TIKEk7m7ML9hh4njhTkkNTlNvZdzOHRj6TQAXRuuHYIbRiooBTwZJMM9IsJLRPuqxhqCQ+0614fF6CD4zSwV6gzJOAx+rvjpj4Wg9911SOltSz3kj8z2tE4J21Yi7DCJikk0FeJDAEeJQV7nDFKIihIYQqbnbFtEcUoWASzZgQnNmT50n1qOAUC8Xr41zpYhpHGu2hfZRHDjpFJXSFyqiCKLpHj+gZvVgP1pP1ar1NSlPWtGcX/YH18QWqyaLO</latexit>

ẋp = v(t) 6= u(t)



Hydrodynamic forces on a particle

7

Small inertial particles, an equation with many authors and many names 

Stokes (1851)	

Boussinesq (1885), Basset (1888), Oseen (1927)  ->  BBO eq. 	

Tchen (1947), Corrsin-Lumley(1956)	

Maxey-Riley (1983), Gatignol (1983) -> MRG  eq.  extension to non-uniform creeping flows

<latexit sha1_base64="oTkQJQHE6huGPm88Z6+2EcPI84E="></latexit>

mp
dv

dt
= 6⇡µrp(u� v) +mf

Du

Dt
+

mf

2

d(u� v)

dt
+ 6r2p

p
⇡⇢fµ

Z t

0

d(u� v)

d⌧

d⌧p
t� ⌧

+ (mp �mf )g

drag fluid 	
acceleration

added 	
mass

history buoyancy

<latexit sha1_base64="4wtAntCPHqJ9nlkrHqO1CaEypug=">AAACDnicbVDLSsNAFJ34rPVVdelmsBTqpiRS1I1QdOOygn1AE8pkMmmHTh7M3BRLyBe48VfcuFDErWt3/o3TtAttPXDhcM693HuPGwuuwDS/jZXVtfWNzcJWcXtnd2+/dHDYVlEiKWvRSESy6xLFBA9ZCzgI1o0lI4ErWMcd3Uz9zphJxaPwHiYxcwIyCLnPKQEt9UsVjG1fEpp6qe36+KEfZ1nqQYavMM6VcVaF036pbNbMHHiZWHNSRnM0+6Uv24toErAQqCBK9SwzBiclEjgVLCvaiWIxoSMyYD1NQxIw5aT5OxmuaMXDfiR1hYBz9fdESgKlJoGrOwMCQ7XoTcX/vF4C/qWT8jBOgIV0tshPBIYIT7PBHpeMgphoQqjk+lZMh0SnAzrBog7BWnx5mbTPatZ5rX5XLzeu53EU0DE6QVVkoQvUQLeoiVqIokf0jF7Rm/FkvBjvxsesdcWYzxyhPzA+fwB+qpsh</latexit>

dxp

dt
= v(t)

<latexit sha1_base64="hhk18hvpV4xAjzoqpKNgtZRBTjM="></latexit>

Res =
||ru||(2rp)2

⌫
⌧ 1

<latexit sha1_base64="dvut+QMC0PWIIX7rZjcByH90aSY="></latexit>

Rep =
||u� v||(2rp)

⌫
⌧ 1

<latexit sha1_base64="CqIgrbpmIcY8NNGUUzws3RSy6xQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnshHM0kxiOlQ8ogzaqzk14jqp/1yxa26C5B14uWkAjma/fJXb5CwLEZpmKBadz03NcGUKsOZwFmpl2lMKRvTIXYtlTRGHUwXx87IhVUGJEqULWnIQv09MaWx1pM4tJ0xNSO96s3F/7xuZqKbYMplmhmUbLkoygQxCZl/TgZcITNiYgllittbCRtRRZmx+ZRsCN7qy+ukVat6V9X6Q73SuM3jKMIZnMMleHANDbiHJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBLEeOSA==</latexit>

2rp



Small particles
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Can we describe a particle with a field? Overdamped limit or equilibrium Eulerian approach 

 1. Expand the velocity in a small parameter

 2. Derivatives

<latexit sha1_base64="ZcU5ja5+30MUj7v6I4hk5HzTWKg=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQhZJUqW6EohuXFewDmhAm00k7dJIJMxOhhPyDG3/FjQtF3Lpx5984bbLQ1gOXezjnXmbu8WNGpbKsb6O0tLyyulZer2xsbm3vmLt7HckTgUkbc8ZFz0eSMBqRtqKKkV4sCAp9Rrr++Gbqdx+IkJRH92oSEzdEw4gGFCOlJc88cXyiELyCTiAQTs+gI0bcC7I07/AU1nMpzjyzatWsGeAisQtSBQVanvnlDDhOQhIpzJCUfduKlZsioShmJKs4iSQxwmM0JH1NIxQS6aazmzJ4pJUBDLjQFSk4U39vpCiUchL6ejJEaiTnvan4n9dPVHDppjSKE0UinD8UJAwqDqcBwQEVBCs20QRhQfVfIR4hHY7SMVZ0CPb8yYukU6/ZjVrj7rzavC7iKIMDcAiOgQ0uQBPcghZoAwwewTN4BW/Gk/FivBsf+WjJKHb2wR8Ynz8VGJ0P</latexit>

� =
3⇢f

⇢f + 2⇢p

<latexit sha1_base64="TwZA72mA5yh4MJNA50P8hFRmOq8=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiRVqhuh6MZlBfuApobJdNIOnUzCzI1QQvdu/BU3LhRx6w+482+cPhbaeuDC4Zx7ufeeIBFcg+N8W7mV1bX1jfxmYWt7Z3fP3j9o6jhVlDVoLGLVDohmgkvWAA6CtRPFSBQI1gqG1xO/9cCU5rG8g1HCuhHpSx5ySsBIvl30gKR+gi+xFypCM+Un95Vxdoo9mWIvYEDGvl1yys4UeJm4c1JCc9R9+8vrxTSNmAQqiNYd10mgmxEFnAo2LnipZgmhQ9JnHUMliZjuZtNfxvjYKD0cxsqUBDxVf09kJNJ6FAWmMyIw0IveRPzP66QQXnQzLpMUmKSzRWEqMMR4EgzuccUoiJEhhCpubsV0QEwmYOIrmBDcxZeXSbNSdqvl6u1ZqXY1jyOPjlARnSAXnaMaukF11EAUPaJn9IrerCfrxXq3PmatOWs+c4j+wPr8Ae8lml8=</latexit>

⌧p =
r2p
3⌫� β-St model



Small particles 
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 3. Rewrite the equation

 4. Solve order by order

<latexit sha1_base64="Vzz7rGmoZIkyxzm+bkRuHFBC+u8="></latexit>

dv1

dt
= �� v1 ·ru� v2

<latexit sha1_base64="v960muAqpEwdPXA0ho2+X3Upxyo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyUpUt0IRTcuK9gHtKFMppN26GQSZiaFGvolblwo4tZPceffOGmz0NYDA4dz7uWeOX7MmdKO820VNja3tneKu6W9/YPDsn103FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7nL/M6USsUi8ahnMfVCPBIsYARrIw3scj/EeuwH6XQ+qKEbNLArTtVZAK0TNycVyNEc2F/9YUSSkApNOFaq5zqx9lIsNSOczkv9RNEYkwke0Z6hAodUeeki+BydG2WIgkiaJzRaqL83UhwqNQt9M5nFVKteJv7n9RIdXHspE3GiqSDLQ0HCkY5Q1gIaMkmJ5jNDMJHMZEVkjCUm2nRVMiW4q19eJ+1a1a1X6w+XlcZtXkcRTuEMLsCFK2jAPTShBQQSeIZXeLOerBfr3fpYjhasfOcE/sD6/AHfeJKW</latexit>v2 =



10

Small particles

 5. Express the result in terms of fluid quantities
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Small particle models 
<latexit sha1_base64="J0ISo1bMpjbyeXYB5qTzCWCisu0=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiiUBKR6kYounFZwT6gDWEymbRDJ5MwMymUkH9w46+4caGIWzfu/BsnbURtPTBw5px7ufceL2ZUKsv6NBYWl5ZXVktr5fWNza1tc2e3JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21veJ377RERkkb8To1j4oSoz2lAMVJacs3jXojUwAvSUQYv4fcnyeAJ/HHcFPl+5poVq2pNAOeJXZAKKNBwzY+eH+EkJFxhhqTs2lasnBQJRTEjWbmXSBIjPER90tWUo5BIJ53clMFDrfgwiIR+XMGJ+rsjRaGU49DTlfmectbLxf+8bqKCCyelPE4U4Xg6KEgYVBHMA4I+FQQrNtYEYUH1rhAPkEBY6RjLOgR79uR50jqt2rVq7fasUr8q4iiBfXAAjoANzkEd3IAGaAIM7sEjeAYvxoPxZLwab9PSBaPo2QN/YLx/AUxPnnU=</latexit>

v = u+ vadd

<latexit sha1_base64="9hQGHojsBLkC26QkjcUvVolmNPU=">AAACG3icbVBNS8NAEN34WetX1aOXwSIoQklE1IsgevFYwarQlDLZbnRxswm7E6GE/g8v/hUvHhTxJHjw37ipPfj1YODx3gwz86JMSUu+/+GNjU9MTk1XZqqzc/MLi7Wl5XOb5oaLFk9Vai4jtEJJLVokSYnLzAhMIiUuopvj0r+4FcbKVJ9RPxOdBK+0jCVHclK3th1maEii6hJo2IJQY6QQIOS9lGDDaSGECdJ1FBe3g004AL9bq/sNfwj4S4IRqbMRmt3aW9hLeZ4ITVyhte3Az6hTlHu5EoNqmFuRIb/BK9F2VGMibKcY/jaAdaf0IE6NK00wVL9PFJhY208i11meaX97pfif184p3u8UUmc5Cc2/FsW5AkqhDAp60ghOqu8IciPdrcCv0SAnF2fVhRD8fvkvOd9uBLuN3dOd+uHRKI4KW2VrbIMFbI8dshPWZC3G2R17YE/s2bv3Hr0X7/WrdcwbzaywH/DePwH/yZ7j</latexit>

@tn+r · (n v) = 0
<latexit sha1_base64="2BP5ZqoZPDd6RTqfcHI2PaHei6U="></latexit>

@tn+ v ·rn = �n(r · vadd)

<latexit sha1_base64="2m/zo4bZkdiEckrW/q7TUKfoWu4="></latexit>

v = u+ (1� �)⌧p (g �Dtu)
<latexit sha1_base64="tKqHaqSE4WO7DNC5MiGzbjPO7Mw=">AAACCXicbVA9SwNBEN3z2/gVtbRZDEIsDHci0UYQtbBUMBrIhTC3mSSLe3vH7pwQQlob/4qNhSK2/gM7/42bmEITHww83pthZl6UKmnJ97+8qemZ2bn5hcXc0vLK6lp+fePGJpkRWBGJSkw1AotKaqyQJIXV1CDEkcLb6O5s4N/eo7Ey0dfUTbEeQ1vLlhRATmrkOT/mXIc8JMgaKS+GERLsBbs8PEdFwNNGvuCX/CH4JAlGpMBGuGzkP8NmIrIYNQkF1tYCP6V6DwxJobCfCzOLKYg7aGPNUQ0x2npv+Emf7zilyVuJcaWJD9XfEz2Ire3GkeuMgTp23BuI/3m1jFpH9Z7UaUaoxc+iVqY4JXwQC29Kg4JU1xEQRrpbueiAAUEuvJwLIRh/eZLc7JeCcql8dVA4OR3FscC22DYrsoAdshN2wS5ZhQn2wJ7YC3v1Hr1n7817/2md8kYzm+wPvI9vdhWXrw==</latexit>

= n ⌧p(� � 1)�p

p

<latexit sha1_base64="ntw47HvQkoLf9UpUHVSqVrGTxtg="></latexit>

@tn+ v ·rn = n ⌧p(1� �)(r ·Dtu)

<latexit sha1_base64="2m/zo4bZkdiEckrW/q7TUKfoWu4="></latexit>

v = u+ (1� �)⌧p (g �Dtu)

<latexit sha1_base64="aygIZPxdifOjVTkjlsMEqHWD6y4="></latexit>

v = u+ vsink = u+ (1� �)⌧pg
<latexit sha1_base64="xfSxiQ4ArxFeYJBe2bJ3BUK2afQ=">AAACFXicbVBNS8NAEN34WetX1aOXxSIISklEqheh6MWjglWhCWGy3dTFzSbsTgol9E948a948aCIV8Gb/8ZN7UGtDwYe780wMy/KpDDoup/O1PTM7Nx8ZaG6uLS8slpbW78yaa4Zb7NUpvomAsOlULyNAiW/yTSHJJL8Oro7Lf3rPtdGpOoSBxkPEugpEQsGaKWwtudnoFGADJEqukv9BPA2iov+kPqsmyL1FUQSrHdM3bBWdxvuCHSSeGNSJ2Och7UPv5uyPOEKmQRjOp6bYVCUG5nkw6qfG54Bu4Me71iqIOEmKEZfDem2Vbo0TrUthXSk/pwoIDFmkES2szza/PVK8T+vk2N8FBRCZTlyxb4XxbmkmNIyItoVmjOUA0uAaWFvpewWNDC0QVZtCN7flyfJ1X7DazaaFwf11sk4jgrZJFtkh3jkkLTIGTknbcLIPXkkz+TFeXCenFfn7bt1yhnPbJBfcN6/AEE5nZo=</latexit>

@tn+ v ·rn = 0

<latexit sha1_base64="Ztk/U0geC8IQrmKnCkquFE8QZjY=">AAACOnicbVDLSsNAFJ34rPUVdelmsAiCUBKR6kYounHZgn1AE8pkOmmHTiZhZlIpId/lxq9w58KNC0Xc+gFO2hS19cDAmXPu5d57vIhRqSzr2VhaXlldWy9sFDe3tnd2zb39pgxjgUkDhywUbQ9JwignDUUVI+1IEBR4jLS84U3mt0ZESBryOzWOiBugPqc+xUhpqWvWnQCpgecnoxRewdknTk9/9G4i72kwZ49y1YHOAKlk5kRp2jVLVtmaAC4SOyclkKPWNZ+cXojjgHCFGZKyY1uRchMkFMWMpEUnliRCeIj6pKMpRwGRbjI5PYXHWulBPxT6cQUn6u+OBAVSjgNPV2YrynkvE//zOrHyL92E8ihWhOPpID9mUIUwyxH2qCBYsbEmCAuqd4V4gATCSqdd1CHY8ycvkuZZ2a6UK/XzUvU6j6MADsEROAE2uABVcAtqoAEweAAv4A28G4/Gq/FhfE5Ll4y85wD8gfH1Df+3sAU=</latexit>

v = u+ vswim = u+ vswim p̂
<latexit sha1_base64="4qdWXxYpvodkvrL//HDFBJk+49I="></latexit>

@tn+ v ·rn = �n(r · p̂)
<latexit sha1_base64="Dfc0PzdkXD+7l5DBamyrMtPhUXc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy223bpZhN3J0IJ/RNePCji1b/jzX/jps1BWx8MPN6bYWZeEEth0HW/ncLa+sbmVnG7tLO7t39QPjxqmSjRjDdZJCPdCajhUijeRIGSd2LNaRhI3g4mt5nffuLaiEg94DTmfkhHSgwFo2ilTm9MMY1npX654lbdOcgq8XJSgRyNfvmrN4hYEnKFTFJjup4bo59SjYJJPiv1EsNjyiZ0xLuWKhpy46fze2fkzCoDMoy0LYVkrv6eSGlozDQMbGdIcWyWvUz8z+smOLz2U6HiBLlii0XDRBKMSPY8GQjNGcqpJZRpYW8lbEw1ZWgjykLwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAExhIeIZXeHMenRfn3flYtBacfOYY/sD5/AHev4/g</latexit>

p̂

<latexit sha1_base64="ArIqygmtT+TJ/U+P2/KZyX6UDaA=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQQUoiUl0W3bisYB/QhjKZTtqhk0mYmYg19EvcuFDErZ/izr9x0mahrQcGDufcyz1z/JgzpR3n21pZXVvf2CxsFbd3dvdK9v5BS0WJJLRJIh7Jjo8V5UzQpmaa004sKQ59Ttv++Cbz2w9UKhaJez2JqRfioWABI1gbqW+XRKUXYj3yg/RxeqZP+3bZqTozoGXi5qQMORp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTabGXKBpjMsZD2jVU4JAqL50Fn6ITowxQEEnzhEYz9fdGikOlJqFvJrOQatHLxP+8bqKDKy9lIk40FWR+KEg40hHKWkADJinRfGIIJpKZrIiMsMREm66KpgR38cvLpHVedWvV2t1FuX6d11GAIziGCrhwCXW4hQY0gUACz/AKb9aT9WK9Wx/z0RUr3zmEP7A+fwBbLJLp</latexit>

n(x, t) particle number density
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Eulerian particle description breaks down

<latexit sha1_base64="193cr78ijFK07C3s54p0OQCiVuA=">AAACCnicbVC7TsMwFHV4lvIKMLIYKqSyVAlChQWpgoWxSPQhtVHkuE5r1XnIvqmoos4s/AoLAwix8gVs/A1OmwFajmTp+Jx77XuPFwuuwLK+jaXlldW19cJGcXNre2fX3NtvqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNbzK/NWJS8Si8h3HMnID0Q+5zSkBLrnnU7UWQdgMCA8/HDxM3vsL5LR1NynBadM2SVbGmwIvEzkkJ5ai75pd+kyYBC4EKolTHtmJwUiKBU8EmxW6iWEzokPRZR9OQBEw56XSVCT7RSg/7kdQnBDxVf3ekJFBqHHi6MptSzXuZ+J/XScC/dFIexgmwkM4+8hOBIcJZLrjHJaMgxpoQKrmeFdMBkYSCTi8LwZ5feZE0zyp2tVK9Oy/VrvM4CugQHaMystEFqqFbVEcNRNEjekav6M14Ml6Md+NjVrpk5D0H6A+Mzx+ia5o4</latexit>

ẋp = v(t)

<latexit sha1_base64="p0gdiIpHQ9J/euAwJBPGnHDNhEM=">AAACMXicbVDJSgNBEO2JW4xb1KOXxiBE0DAjEr0IQS85RjALZELo6fQkTXoWumuCYZhf8uKfiJccFPHqT9iTBTT6oODxXhVV9ZxQcAWmOTEyK6tr6xvZzdzW9s7uXn7/oKGCSFJWp4EIZMshignuszpwEKwVSkY8R7CmM7xL/eaIScUD/wHGIet4pO9zl1MCWurmq3YvgNj2CAwcF4+SG2y7ktCFEkdJcUEfu2FyBqf4HC+UUZLENpBIG7luvmCWzCnwX2LNSQHNUevmX/RqGnnMByqIUm3LDKETEwmcCpbk7EixkNAh6bO2pj7xmOrE048TfKKVHnYDqcsHPFV/TsTEU2rsObozvVUte6n4n9eOwL3uxNwPI2A+nS1yI4EhwGl8uMcloyDGmhAqub4V0wHRiYEOOQ3BWn75L2lclKxyqXx/WajczuPIoiN0jIrIQleogqqohuqIoif0it7Qu/FsTIwP43PWmjHmM4foF4yvb8RSqys=</latexit>

v̇ =
u(xp, t)� v

⌧p

 Truly Lagrangian particles

<latexit sha1_base64="6IItHlBQgfo6AQM3s3vT3l4H4R8="></latexit>

@tV +V ·rV =
u�V

⌧p

<latexit sha1_base64="1/7XHrLLvx6Pc2A5v2KfNrOaMRA=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBAiSNgVjV6EoBePEcwDkiXMTmaTIbMPZnrFsOyXePFXvHhQRPCkf+NssqImFjQUVd10dzmh4ApM89OYm19YXFrOreRX19Y3Ngtb2w0VRJKyOg1EIFsOUUxwn9WBg2CtUDLiOYI1neFl6jdvmVQ88G9gFDLbI32fu5wS0FK3cNLpBRB3PAIDx43vkqQbszDB5/hbaiSlH3dsHsJBt1A0y+YYeJZYGSmiDLVu4V3voZHHfKCCKNW2zBDsmEjgVLAk34kUCwkdkj5ra+oTjyk7Hr+X4H2t9LAbSF0+4LH6eyImnlIjz9Gd6aVq2kvF/7x2BO6ZHXM/jID5dLLIjQSGAKdZ4R6XjIIYaUKo5PpWTAdEEgo60bwOwZp+eZY0jspWpVy5Pi5WL7I4cmgX7aESstApqqIrVEN1RNE9ekTP6MV4MJ6MV+Nt0jpnZDM76A+Mjy8uoqPB</latexit>

ẋep = V(xep, t)

 Lagrangrangian-Eulerian particles

<latexit sha1_base64="GKMdd/3qr+96cO26/QWMM0xT1v4=">AAACEHicbVC7SgNBFJ31GeMramkzGESrsCsSbYSgjWVE84BsCLOTu8mQ2Yczd4Ww7CfY+Cs2ForYWtr5N04ehSYeuNzDOfcyc48XS6HRtr+thcWl5ZXV3Fp+fWNza7uws1vXUaI41HgkI9X0mAYpQqihQAnNWAELPAkNb3A18hsPoLSIwjscxtAOWC8UvuAMjdQpHN0ivaCurxhPXWRJJ84mPXUBWZZR6vbgnjqdQtEu2WPQeeJMSZFMUe0UvtxuxJMAQuSSad1y7BjbKVMouIQs7yYaYsYHrActQ0MWgG6n44MyemiULvUjZSpEOlZ/b6Qs0HoYeGYyYNjXs95I/M9rJeift1MRxglCyCcP+YmkGNFROrQrFHCUQ0MYV8L8lfI+M+GgyTBvQnBmT54n9ZOSUy6Vb06LlctpHDmyTw7IMXHIGamQa1IlNcLJI3kmr+TNerJerHfrYzK6YE139sgfWJ8/CVicmg==</latexit>

St =
⌧p
⌧⌘

� 1

Sling effect: crossing of trajectories

Different phase space of the two systems



Finite-sized particles
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Corrections to the point-particle equation

Finite-size effect (Faxén laws 1922) 
<latexit sha1_base64="mNfOgGgBJFVUThDbc30Mqldl/9I="></latexit>

u ! [u]S ' u+
r2p
6
�u

<latexit sha1_base64="R0rUVqybnuhsgb6Aao3SO7/Lm9I="></latexit>

u ! [u]V ' u+
r2p
10

�u
in drag , history in fluid acceleration , added mass

Finite-Reynolds effect (Shiller-Neumann  1935) wake drag empirical correlation
<latexit sha1_base64="Hi8MsNXq2h6iRv2q6rhmpA7ueN8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JoUY9FLx6r2A9oY9hsJ+3S3STsboQS6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqsrK6tbxQ3S1vbO7t79v5BS8WppNCkMY9lJyAKOIugqZnm0EkkEBFwaAej66nffgSpWBzd63ECniCDiIWMEm0k3y7fgZ9g3OOglGICu87DmW9XnKozA14mbk4qKEfDt796/ZimAiJNOVGq6zqJ9jIiNaMcJqVeqiAhdEQG0DU0IgKUl82On+Bjo/RxGEtTkcYz9fdERoRSYxGYTkH0UC16U/E/r5vq8NLLWJSkGiI6XxSmHOsYT5PAfSaBaj42hFDJzK2YDokkVJu8SiYEd/HlZdI6rbrn1dptrVK/yuMookN0hE6Qiy5QHd2gBmoiisboGb2iN+vJerHerY95a8HKZ8roD6zPH+alk6Y=</latexit>

Rep . 103
<latexit sha1_base64="8ZwgvyHZhvASsp3hcZxd/kkVasQ=">AAACIXicbVDLSsNAFJ34rPUVdelmsAgVISRiH8uiG5dV7AOaGCbTaTt0kgwzE6GE/oobf8WNC0W6E3/GaZuFbT1w4XDOvdx7T8AZlcq2v4219Y3Nre3cTn53b//g0Dw6bso4EZg0cMxi0Q6QJIxGpKGoYqTNBUFhwEgrGN5O/dYzEZLG0aMaceKFqB/RHsVIack3q2XocgrdMIHC59BVMVxUig68hLbllOAD8flTalvlamUML3yzYFv2DHCVOBkpgAx135y43RgnIYkUZkjKjmNz5aVIKIoZGefdRBKO8BD1SUfTCIVEeunswzE810oX9mKhK1Jwpv6dSFEo5SgMdGeI1EAue1PxP6+TqF7VS2nEE0UiPF/USxjUOUzjgl0qCFZspAnCgupbIR4ggbDSoeZ1CM7yy6ukeWU5Zat0f12o3WRx5MApOANF4IAKqIE7UAcNgMELeAMf4NN4Nd6NL2Myb10zspkTsADj5xe9l57o</latexit>

6⇡µrp ! 6⇡µrp(1 + 0.15Re0.687p )

Lift force for light particles  (Auton JFM 1987, inviscid calculation) 
<latexit sha1_base64="LCq/2J8dj91zK7aXfbrigD3DBWo="></latexit>

flift =
mf

2
(u� v)⇥ (r⇥ u)

Different from Magnus lift 
<latexit sha1_base64="n+eUoVEoSwxOGVsKIFuClCMXPCQ="></latexit>

fMagnus ⇠ (u� v)⇥ !p

<latexit sha1_base64="AvndTDBv845ZBTbiFWrIBr3Ks8U="></latexit>

dv

dt
= �

D[u]V
Dt

+
1

⌧p
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↵ = l
d
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p

↵ = 1↵ < 1
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↵ > 1

rod (prolate)

ru = ⌦+ Sfluid velocity 
gradient tensor

rotation
rate

strain
rate

Spheroidal particles

Jeffery (1922) 
equation

Valid inertialess 
axisymmetric 

fore-aft sym. particles
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ṗ(t) =
q(t)

|q(t)|
q̇(t) =

✓
⌦+

↵2 � 1

↵2 + 1
S
◆
q A.Szeri 

Phil. Trans. A345, 477-508, (1993)

<latexit sha1_base64="+PcXxmbKWWTjiDpEvhQ7Sb4FRxI=">AAACI3icbVDLSsNAFJ3UV62vqks3g0VwVRIRFUEQ3YirCvYBTSmTyU07dJIJMxOlhPyLG3/FjQuluHHhvzhpC2rrhWEO59zLPfd4MWdK2/anVVhYXFpeKa6W1tY3NrfK2zsNJRJJoU4FF7LlEQWcRVDXTHNoxRJI6HFoeoPrXG8+gFRMRPd6GEMnJL2IBYwSbahu+dz1hU7dkOi+F6RxluEL7HqC+2oYmi91RQg9knVvsfsIfg/wT2u3XLGr9rjwPHCmoIKmVeuWR2YZTUKINOVEqbZjx7qTEqkZ5ZCV3ERBTOiA9KBtYERCUJ10fGOGDwzj40BI8yKNx+zviZSEKvdsOnOHalbLyf+0dqKDs07KojjRENHJoiDhWAucB4Z9JoFqPjSAUMmMV0z7RBKqTawlE4Ize/I8aBxVnZPqyd1x5fJqGkcR7aF9dIgcdIou0Q2qoTqi6Am9oDf0bj1br9bI+pi0FqzpzC76U9bXNwSRpb8=</latexit>

ṗ = !J ^ p B.Mehlig,  K.Gustavsson, Byron
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2
+
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p ^ Sp

Other way of writing the same equation
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✓
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Phil. Trans. A345, 477-508, (1993)

q̇ = ru · q

!̇ = ru · ! + ⌫�!

Pumir & Wilkinson New J.Physics 13 093030 (2011)
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Temperature gradient

q̇ = �ruT · q

Disks

ṙT = �ruT ·rT + �rT
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Particles with a shape



Simple models of inertial particles with a shape

Particles with a shape

Rotation relaxes faster 
than translation

Decoupling of rotation 
from translation
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Inertial sphere: translation and rotation 

Simple model of non-spherical inertial particle
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ẋs(t) = u(xs, t) + vs

vsp(t)

vs ⇥(✓̇s) p(t)

J(p, �̇s, t)

Particles with a shape
Fully Overdumped models

Micro-swimmers

Planktonic “jumps”

Scalar-taxis and foraging

Settling aspherical particles



Translation-rotation coupled point-particle models

Particles with a shape
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Back to basics: Rigid body motion

4 L. Jiang and other

where u(x, t) denotes the fluid velocity vector field, p(x, t) is the hydrodynamic pressure,
and the parameters are the kinematic viscosity ⌫ and the reference liquid density ⇢.
The vector field f refers to the external force sustaining the HIT flow. The particle-
free turbulent flow intensity is here identified by a single dimensionless parameter,
the Reynolds number based on the Taylor microscale, Re� = �u

0
/⌫, where u

0 =p
huiuiiv,t/3 is the root-mean-square (r.m.s.) velocity of the turbulent flow (h. . .iv,t

denotes here volume and time average), � =
p

15⌫u02/✏ is the Taylor length scale and
✏ = (⌫/2)⌃i,jh(riuj +rjui)2iv,t is the mean global energy dissipation rate.
The translation and rotation of rigid-body material particle is governed by the Newton-

Euler equations (NEE):

mp
dv

dt
= F+ Fc, (2.3)

dI⌦
dt

= T+Tc, (2.4)

where v(t) = dr/dt and ⌦(t) are the particle velocity and angular velocity vectors of
a particle at position r(t) with mass mp = ⇢pVp (⇢p the particle density and Vp the
volume) and I the moment of inertia tensor. Note that since we consider neutrally
buoyant and homogeneous particles, ⇢p = ⇢, this allows neglecting the buoyancy force in
the particle equation of motion as well any gravity-induced torque. Hence F and T in
(2.3)-(2.4) denote here the hydrodynamic force and torque acting on the particle, which
are formally written as:

F =

I

Sp

� · n dS (2.5)

T =

I

Sp

(x� r)⇥ (� · n) dS, (2.6)

where � = �pI+⇢⌫(ru+ruT ) is the fluid stress tensor, x�r the position vector relative
to the particle center and n the outward-pointing normal to the particle surface Sp.
While Fc and Tc are the additional impulsive forces and torques related to the particle-
particle collisions (the so-called four-way interaction).The two-way coupling, meaning
the coupling between the fluid and the particles is provided by the requirement of no-slip
boundary condition on the particle surfaces (see below for its numerical implementation).

For an axisymmetric particle with symmetry axis identified by a unit vector p, as
the ones we consider in this study, the angular velocity ⌦ can be decomposed into the
tumbling rotation rate, ṗ = ⌦ ⇥ p, the spinning rotation rate, ⌦s = (⌦ · p)p (Voth &
Soldati 2017). These will be key quantities in our analysis of particle angular dynamics.
Similarly, it will reveal useful in our analysis to distinguish between axial and lateral
accelerations, a = dv/dt, denoted ak = (a ·p)p and a? = a⇥p respectively. The shape
of an axisymmetric spheroid is characterized by the aspect ratio, ↵ = l/d, where l and
d are the sizes of the symmetry axis and of the one perpendicular to it. We will use the
volume equivalent diameter Dv = (d2l)1/3 = d ↵

1/3 as a parameter to compare the size
of particles with di↵erent shapes.

On the computational side: the NSE turbulent dynamics is here numerically simulated
by means of a Lattice Boltzmann Method (LBM) code, the ch4-project (Calzavarini
2019) which has been already extensively employed in studies of Lagrangian tracers and
point-like particle dynamics in turbulence (Mathai et al. 2016; Calzavarini et al. 2020;
Jiang et al. 2020, 2021). The code uses a tri-linear scheme for the Lagrangian-Eulerian
frame interpolations. The computational domain is cubic with equispaced grid sizes, 1283
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Particle couplings
Dusty-gas model (Eulerian-Eulerian description) 
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u� v
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Two-way momentum coupling
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�v = Vp

Z

V
n dV =

NpVp

V

one-way

Particles volume fraction

Particle

Fluid

Particle

Fluid Fluid

Particle Particle

two-way 4-way
total momentum (and 
mass) conservation

Lubrication forces

dilute dense
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Methods



Which method?
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<latexit sha1_base64="ZEJG40VXyGl6tu1S7+iiLjjzmhg=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIVI9FLx4r2FpoQthsJ+3SzSbsbsQS8le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOVMacf5tipr6xubW9Xt2s7u3v6BfVjvqSSTFLo04Ynsh0QBZwK6mmkO/VQCiUMOD+HkZuY/PIJULBH3epqCH5ORYBGjRBspsOsecB7kSagK7I1GWAZpYDecpjMHXiVuSRqoRCewv7xhQrMYhKacKDVwnVT7OZGaUQ5FzcsUpIROyAgGhgoSg/Lz+e0FPjXKEEeJNCU0nqu/J3ISKzWNQ9MZEz1Wy95M/M8bZDq68nMm0kyDoItFUcaxTvAsCDxkEqjmU0MIlczciumYSEK1iatmQnCXX14lvfOm22q27i4a7esyjio6RifoDLnoErXRLeqgLqLoCT2jV/RmFdaL9W59LForVjlzhP7A+vwBxwWUSQ==</latexit>

`obs � rp
<latexit sha1_base64="aaZhkOs87oFLz+eOQQT/gjZhTD4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZkeqy6MZlBfuAzjBk0kwbmseQZIQyduGvuHGhiFt/w51/Y9rOQlsPBA7nnMu9OXHKqDae9+2UVlbX1jfKm5Wt7Z3dPXf/oK1lpjBpYcmk6sZIE0YFaRlqGOmmiiAeM9KJRzdTv/NAlKZS3JtxSkKOBoImFCNjpcg9CghjUS5jPYHBwNgghypKI7fq1bwZ4DLxC1IFBZqR+xX0Jc44EQYzpHXP91IT5kgZihmZVIJMkxThERqQnqUCcaLDfHb/BJ5apQ8TqewTBs7U3xM54lqPeWyTHJmhXvSm4n9eLzPJVZhTkWaGCDxflGQMGgmnZcA+VQQbNrYEYUXtrRAPkULY2MoqtgR/8cvLpH1e8+u1+t1FtXFd1FEGx+AEnAEfXIIGuAVN0AIYPIJn8ArenCfnxXl3PubRklPMHII/cD5/AC7yljk=</latexit>

`obs & rp
<latexit sha1_base64="DzePGI2sfnTx1poNedFx1O9y7Ew=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqgcPRS8eK1hbaEPYbCft0s1u2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz86KUM20879spra1vbG6Vtys7u3v7B+7h0ZOWmaLQopJL1YmIBs4EtAwzHDqpApJEHNrR6G7mt8egNJPi0UxSCBIyECxmlBgrha7bA87DXEZ6im+wCtPQrXo1bw68SvyCVFGBZuh+9fqSZgkIQznRuut7qQlyogyjHKaVXqYhJXREBtC1VJAEdJDPL5/iM6v0cSyVLWHwXP09kZNE60kS2c6EmKFe9mbif143M/F1kDORZgYEXSyKM46NxLMYcJ8poIZPLCFUMXsrpkOiCDU2rIoNwV9+eZU8XdT8eq3+cFlt3BZxlNEJOkXnyEdXqIHuURO1EEVj9Ixe0ZuTOy/Ou/OxaC05xcwx+gPn8wcGe5NH</latexit>

`obs < rp

A matter of scale
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When? The continuum hypothesis holds 

Advantages: 


1) Theoretical PDE analysis, analytical understanding e.g. instabilities


2) Numerical Use same discretisation method for the carrier flow and particles


Choose your favourite method: Spectral, FD, FV, LBM

My view: In general, simpler (more abstract) models allow a deeper understanding of a 
complex physical system
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Difficulties: development of shocks due to the compressibility of particle 
velocity field.


Solutions: 


1) Regularisation through artificial dissipations (in mass and momentum 
conservation)


2) Use semi-Lagrangian methods for the advection term


3) Shock capturing schemes


4) different spatial/temporal resolutions for particles and fluid



Eulerian-Lagrangian
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Eulerian fluid description as easy as before

When?  the observation scale is very large but the continuum hyp. does not hold 

Particle dynamics based on ODE (or ODIE)

One-way coupling—> interpolation


Two-way coupling —> interpolation and extrapolation 



Eulerian-Lagrangian
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Interpolation/extrapolation

2D -> bilinear 3D -> trilinear 3D -> tricubic
Informations from 4 points Informations from 8 points Informations from 27 cubes 64 points
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30

Fluid material derivative
<latexit sha1_base64="MtefR4kCxThxZ5pPEvYW6cchwWQ=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiMYB6QrGF2MpsMmX0w06uEJf/hxYMiXv0Xb/6Ns8keNLFgoKjqpmvKi6XQaNvfVmFldW19o7hZ2tre2d0r7x+0dJQoxpsskpHqeFRzKULeRIGSd2LFaeBJ3vbG15nffuRKiyi8x0nM3YAOQ+ELRtFIDzd9JL2A4sjz02TaL1fsqj0DWSZOTiqQo9Evf/UGEUsCHiKTVOuuY8foplShYJJPS71E85iyMR3yrqEhDbh201nqKTkxyoD4kTIvRDJTf2+kNNB6EnhmMkuoF71M/M/rJuhfuqkI4wR5yOaH/EQSjEhWARkIxRnKiSGUKWGyEjaiijI0RZVMCc7il5dJ66zq1Kq1u/NK/SqvowhHcAyn4MAF1OEWGtAEBgqe4RXerCfrxXq3PuajBSvfOYQ/sD5/AHXNkoM=</latexit>

Dtu
<latexit sha1_base64="I2OactL1CGmqvHBwqmL5zzVg7b4=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0WoiCURqW6EUjcuK9gHNKFMJpN26GQSZiaFEvo/bvwVF7rwgVv/w2kbobYeGDhz7j3ce48XMyqVZX0YuZXVtfWN/GZha3tnd8/cP2jKKBGYNHDEItH2kCSMctJQVDHSjgVBocdIyxvcTuqtIRGSRvxBjWLihqjHaUAxUlrqmrUb6HcVdEKk+l6QJmN4Bktzv/NfPhyfOtiPdCtHHkNzjq5ZtMrWFHCZ2Bkpggz1rvni+BFOQsIVZkjKjm3Fyk2RUBQzMi44iSQxwgPUIx1NOQqJdNPprWN4ohUfBpHQjys4VecdKQqlHIWe7pxsKBdrE/G/WidRwbWbUh4ninA8GxQkDKoIToKDPhUEKzbSBGFB9a4Q95FAWOl4CzoEe/HkZdK8KNuVcuX+slitZXHkwRE4BiVggytQBXegDhoAg0fwDN7Au/FkvBqfxtesNWdknkPwB8b3D+wEp5Q=</latexit>

= dtu+ (u� v) ·ru
<latexit sha1_base64="Zcjd4AmbNktlvHDKdbI8Ca+x8J8="></latexit>

=
ut � ut��t

�t
+ (u� v) ·ru

How to compute the hydrodynamic forces on the particle?

Or r.h.s. of NS
<latexit sha1_base64="fD8bz+uLsjuJfTmCtLzFcidzBwM=">AAACGXicbVDLSsNAFJ34rPUVdelmsAiCWJIi1WXRjcsK9gFNLJPppB06mYR5CCXkN9z4K25cKOJSV/6NkzYLbT0wcO459zL3niBhVCrH+baWlldW19ZLG+XNre2dXXtvvy1jLTBp4ZjFohsgSRjlpKWoYqSbCIKigJFOML7O/c4DEZLG/E5NEuJHaMhpSDFSRurbzpnHUcAQTOAp9LiGs/K+Br0IqVEQpjrLnaIIs75dcarOFHCRuAWpgALNvv3pDWKsI8IVZkjKnuskyk+RUBQzkpU9LUmC8BgNSc9QjiIi/XR6WQaPjTKAYSzM4wpO1d8TKYqknESB6cw3lPNeLv7n9bQKL/2U8kQrwvHso1AzqGKYxwQHVBCs2MQQhAU1u0I8QgJhZcIsmxDc+ZMXSbtWdevV+u15pXFVxFECh+AInAAXXIAGuAFN0AIYPIJn8ArerCfrxXq3PmatS1YxcwD+wPr6AVRRn1M=</latexit>

�rp+ ⌫r2u+ f

History force

 0   

window method
empirically in turbulence
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Eulerian Lagrangian
Temporal integration

<latexit sha1_base64="VpeTT/5Qa2wbu6PtXHDZvODfHMg=">AAACKnicbVBbSwJBGJ21m9nN6rGXIQkUQXYjrJfA6qVHg7yAKzI7zurg7IWZbwVZ/D299Fd68aGQXvshjauRaQcGDuecj/m+44SCKzDNqZHa2Nza3knvZvb2Dw6PsscndRVEkrIaDUQgmw5RTHCf1YCDYM1QMuI5gjWcwcPMbwyZVDzwn2EUsrZHej53OSWgpU72zvYI9B03Ho7zULS7TADBUMC3GC87BVz8FUgi/GQ72ZxZMhPgdWItSA4tUO1kJ3Y3oJHHfKCCKNWyzBDaMZHAqWDjjB0pFhI6ID3W0tQnHlPtODl1jC+00sVuIPXzASfq8kRMPKVGnqOTs23VqjcT//NaEbg37Zj7YQTMp/OP3EhgCPCsN9zlklEQI00IlVzvimmfSEJBt5vRJVirJ6+T+mXJKpfKT1e5yv2ijjQ6Q+cojyx0jSroEVVRDVH0gt7QO/owXo2JMTU+59GUsZg5RX9gfH0DraullQ==</latexit>

v(t+ �t) = v(t) + a(t)�t
<latexit sha1_base64="VeNeC5UXigbVTBHlYQKJ1U63a4Y="></latexit>

x(t+ �t) = x(t) + v(t)�t+
1

2
a(t)�t2

Time-marching scheme
Taylor scheme

<latexit sha1_base64="TVE8OlgQgbUJY2Yaw5I0AKx9qv4="></latexit>

v(t+ �t) = v(t) +

✓
3

2
a(t) +

1

2
a(t� �t)

◆
�t

<latexit sha1_base64="U527Qhs+tpRHk79yGeXDx5Skv38="></latexit>

x(t+ �t) = x(t) +

✓
3

2
v(t) +

1

2
v(t� �t)

◆
�t

AB2

<latexit sha1_base64="X6IwEfwb3ClpgjIe1pSpLE+kOl0=">AAACB3icbVDLSgNBEJz1GeNr1aMgg0HwFHZFosegCB4jmAckS5iddJIhsw9neoWw5ObFX/HiQRGv/oI3/8ZJsoImFjTUVHUz3eXHUmh0nC9rYXFpeWU1t5Zf39jc2rZ3dms6ShSHKo9kpBo+0yBFCFUUKKERK2CBL6HuDy7Hfv0elBZReIvDGLyA9ULRFZyhkdr2QasDEhlF2pJwR39e7fQqkaBGbbvgFJ0J6DxxM1IgGSpt+7PViXgSQIhcMq2brhOjlzKFgksY5VuJhpjxAetB09CQBaC9dHLHiB4ZpUO7kTIVIp2ovydSFmg9DHzTGTDs61lvLP7nNRPsnnupCOMEIeTTj7qJpBjRcSi0IxRwlENDGFfC7Ep5nynG0USXNyG4syfPk9pJ0S0VSzenhfJFFkeO7JNDckxcckbK5JpUSJVw8kCeyAt5tR6tZ+vNep+2LljZzB75A+vjG2G8mQg=</latexit>

�t  �tEuler

<latexit sha1_base64="gdSunFcOg1nxqTbyMAt0ftjUwQY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIVI9FLx4r2FpoQthsNu3SzSbsToRQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzwkxwDY7zbVXW1jc2t6rbtZ3dvf0D+/Cop9NcUdalqUhVPySaCS5ZFzgI1s8UI0ko2EM4vpn5D49MaZ7Keygy5idkKHnMKQEjBXbdi5gAggF7QmAPSB5kgd1wms4ceJW4JWmgEp3A/vKilOYJk0AF0XrgOhn4E6KAU8GmNS/XLCN0TIZsYKgkCdP+ZH78FJ8aJcJxqkxJwHP198SEJFoXSWg6EwIjvezNxP+8QQ7xlT/hMsuBSbpYFOcCQ4pnSeCIK0ZBFIYQqri5FdMRUYSCyatmQnCXX14lvfOm22q27i4a7esyjio6RifoDLnoErXRLeqgLqKoQM/oFb1ZT9aL9W59LForVjlTR39gff4A8z6UVw==</latexit>

�t ⌧ ⌧p

<latexit sha1_base64="9yCfMaNoVa14nE+KrLMCrjC+ofc=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIVI9FLx4r2FpoQthsNu3SzSbsToRQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzwkxwDY7zbVXW1jc2t6rbtZ3dvf0D+/Cop9NcUdalqUhVPySaCS5ZFzgI1s8UI0ko2EM4vpn5D49MaZ7Keygy5idkKHnMKQEjBXbdi5gAggF7QmAPSB7Egd1wms4ceJW4JWmgEp3A/vKilOYJk0AF0XrgOhn4E6KAU8GmNS/XLCN0TIZsYKgkCdP+ZH78FJ8aJcJxqkxJwHP198SEJFoXSWg6EwIjvezNxP+8QQ7xlT/hMsuBSbpYFOcCQ4pnSeCIK0ZBFIYQqri5FdMRUYSCyatmQnCXX14lvfOm22q27i4a7esyjio6RifoDLnoErXRLeqgLqKoQM/oFb1ZT9aL9W59LForVjlTR39gff4A5BaUTQ==</latexit>

�t ⌧ ⌧f

<latexit sha1_base64="DhP9bR1kfztLRzmsGlz4djLsAeQ=">AAACEHicbVA9SwNBEN3z2/gVtbRZDKI24U4kWoo2lirGBHLHsbeZ6OLu3rE7J4YjP8HGv2JjoYitpZ3/xs1HodEHA4/3ZpiZl2RSWPT9L29icmp6ZnZuvrSwuLS8Ul5du7JpbjjUeSpT00yYBSk01FGghGZmgKlEQiO5Pen7jTswVqT6ErsZRIpda9ERnKGT4vJ22AaJjCINpaQhwj0aVSihe60QWR5nOxcQZ7tRXK74VX8A+pcEI1IhI5zF5c+wnfJcgUYumbWtwM8wKphBwSX0SmFuIWP8ll1Dy1HNFNioGDzUo1tOadNOalxppAP150TBlLVdlbhOxfDGjnt98T+vlWPnMCqEznIEzYeLOrmkmNJ+OrQtDHCUXUcYN8LdSvkNM4yjy7DkQgjGX/5LrvaqQa1aO9+vHB2P4pgjG2ST7JCAHJAjckrOSJ1w8kCeyAt59R69Z+/Nex+2TnijmXXyC97HN4aNnOo=</latexit>

�t ⌧ min[⌧p(Rep)]

Size of time-step
<latexit sha1_base64="TwZA72mA5yh4MJNA50P8hFRmOq8=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiRVqhuh6MZlBfuApobJdNIOnUzCzI1QQvdu/BU3LhRx6w+482+cPhbaeuDC4Zx7ufeeIBFcg+N8W7mV1bX1jfxmYWt7Z3fP3j9o6jhVlDVoLGLVDohmgkvWAA6CtRPFSBQI1gqG1xO/9cCU5rG8g1HCuhHpSx5ySsBIvl30gKR+gi+xFypCM+Un95Vxdoo9mWIvYEDGvl1yys4UeJm4c1JCc9R9+8vrxTSNmAQqiNYd10mgmxEFnAo2LnipZgmhQ9JnHUMliZjuZtNfxvjYKD0cxsqUBDxVf09kJNJ6FAWmMyIw0IveRPzP66QQXnQzLpMUmKSzRWEqMMR4EgzuccUoiJEhhCpubsV0QEwmYOIrmBDcxZeXSbNSdqvl6u1ZqXY1jyOPjlARnSAXnaMaukF11EAUPaJn9IrerCfrxXq3PmatOWs+c4j+wPr8Ae8lml8=</latexit>

⌧p =
r2p
3⌫�



Eulerian Lagrangian

32

Faxén terms

Particles with size and shape

Efficient implementation: Gaussian convolutions and FFTs

Acceleration statistics of  finite-sized particles in turbulent flow: the role of Faxen forces,  
E. Calzavarini, R. Volk, M. Bourgoin, E. Leveque, J.-F. Pinton and F. Toschi,  
 J.Fluid Mech., 630, 179-189 (2009)

<latexit sha1_base64="R0rUVqybnuhsgb6Aao3SO7/Lm9I="></latexit>

u ! [u]V ' u+
r2p
10

�u

<latexit sha1_base64="FZNmI9VJUP6Uc9M/F8ua/I0x/nI=">AAACE3icbZDLSsNAFIYnXmu9RV26GSyCCJYkSHVZdOOygr1Ak5bJdNIOnUnizEQoIe/gxldx40IRt27c+TZO2iy09YeBj/+cw5zz+zGjUlnWt7G0vLK6tl7aKG9ube/smnv7LRklApMmjlgkOj6ShNGQNBVVjHRiQRD3GWn74+u83n4gQtIovFOTmHgcDUMaUIyUtvrmqSspJ/fQhmdQ45CjngPdQCCcuhypkR+k46znZKmT9c2KVbWmgotgF1ABhRp988sdRDjhJFSYISm7thUrL0VCUcxIVnYTSWKEx2hIuhpDxIn00ulNGTzWzgAGkdAvVHDq/p5IEZdywn3dme8p52u5+V+tm6jg0ktpGCeKhHj2UZAwqCKYBwQHVBCs2EQDwoLqXSEeIR2I0jGWdQj2/MmL0HKqdq1auz2v1K+KOErgEByBE2CDC1AHN6ABmgCDR/AMXsGb8WS8GO/Gx6x1yShmDsAfGZ8/zhCdiw==</latexit>

' 1� �2k
2

2
<latexit sha1_base64="qTr6IYtMl7ovRfqEtZ/S1lJL8l8=">AAACDnicbVDLSsNAFJ34rPVVdelmsBRclUS0uhGKblxWsA9oQphMJ+3QmSTM3Igl5Avc+CtuXCji1rU7/8bpY6Gt53LhcM69zNwTJIJrsO1va2l5ZXVtvbBR3Nza3tkt7e23dJwqypo0FrHqBEQzwSPWBA6CdRLFiAwEawfD67HfvmdK8zi6g1HCPEn6EQ85JWAkv1RxgT2AkhkPc+yawq7mfUku3VARmik/ybOz3C+V7ao9AV4kzoyU0QwNv/Tl9mKaShYBFUTrrmMn4GVEAaeC5UU31SwhdEj6rGtoRCTTXjY5J8cVo/RwGCvTEeCJ+nsjI1LrkQzMpCQw0PPeWPzP66YQXngZj5IUWESnD4WpwBDjcTa4xxWjIEaGEKq4+SumA2JyAJNg0YTgzJ+8SFonVadWrd2elutXszgK6BAdoWPkoHNURzeogZqIokf0jF7Rm/VkvVjv1sd0dMma7RygP7A+fwAh2Zwv</latexit>

if � =
rp
5
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Particles with shape

Need of different reference frames
1) Lab frame (or inertial)

<latexit sha1_base64="UYVcwbtoLjLb1mz7vHhNytbwrlI=">AAAB/HicbVDLSgMxFL3js9bXaJdugkWoUMqMSHUjFN24rGAf0JaSSTNtaOZBkpGOQ/0VNy4UceuHuPNvzLSz0NYDgcM593JPjhNyJpVlfRsrq2vrG5u5rfz2zu7evnlw2JRBJAhtkIAHou1gSTnzaUMxxWk7FBR7DqctZ3yT+q0HKiQL/HsVh7Tn4aHPXEaw0lLfLHQ9rEaOm0ymV6VJOS4/nqK+WbQq1gxomdgZKUKGet/86g4CEnnUV4RjKTu2FapegoVihNNpvhtJGmIyxkPa0dTHHpW9ZBZ+ik60MkBuIPTzFZqpvzcS7EkZe46eTKPKRS8V//M6kXIvewnzw0hRn8wPuRFHKkBpE2jABCWKx5pgIpjOisgIC0yU7iuvS7AXv7xMmmcVu1qp3p0Xa9dZHTk4gmMogQ0XUINbqEMDCMTwDK/wZjwZL8a78TEfXTGynQL8gfH5A6nnlCM=</latexit>

x = (x, y, z)

<latexit sha1_base64="So9wG9QO+19iB8AgL9fAlru0Fgs=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWCRVCglEaluhKIblxXsA9pQJtNJO3TyYGYijSEbf8WNC0Xc+hnu/BsnbRbaeuDC4Zx7ufceJ2RUSNP81paWV1bX1gsbxc2t7Z1dfW+/JYKIY9LEAQt4x0GCMOqTpqSSkU7ICfIcRtrO+Cbz2w+ECxr49zIOie2hoU9dipFUUl8/7HlIjhw3maTGVXliVGKj8micwr5eMqvmFHCRWDkpgRyNvv7VGwQ48ogvMUNCdC0zlHaCuKSYkbTYiwQJER6jIekq6iOPCDuZPpDCE6UMoBtwVb6EU/X3RII8IWLPUZ3ZuWLey8T/vG4k3Us7oX4YSeLj2SI3YlAGMEsDDignWLJYEYQ5VbdCPEIcYakyK6oQrPmXF0nrrGrVqrW781L9Oo+jAI7AMSgDC1yAOrgFDdAEGKTgGbyCN+1Je9HetY9Z65KWzxyAP9A+fwBEuZTn</latexit>

x0 = (x0, y0, z0)

<latexit sha1_base64="/ZSSe45tEpmYnHzPBaJ0EvO5x3E=">AAACBHicbVDLSsNAFJ3UV62vqMtuBoukgpREpLoRim5cVrAPaEOZTCft0MkkzEykMXThxl9x40IRt36EO//GSduFVg9cOJxzL/fe40WMSmXbX0ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyRleZ37ojQtKQ36okIm6ABpz6FCOlpZ5Z7AZIDT0/HU8s66I8tqzjRNe9ZR3BnlmyK/YU8C9x5qQE5qj3zM9uP8RxQLjCDEnZcexIuSkSimJGJoVuLEmE8AgNSEdTjgIi3XT6xAQeaqUP/VDo4gpO1Z8TKQqkTAJPd2Yny0UvE//zOrHyz92U8ihWhOPZIj9mUIUwSwT2qSBYsUQThAXVt0I8RAJhpXMr6BCcxZf/kuZJxalWqjenpdrlPI48KIIDUAYOOAM1cA3qoAEweABP4AW8Go/Gs/FmvM9ac8Z8Zh/8gvHxDeIMlas=</latexit>

x00 = (x00, y00, z00)

2) Particle frame (or principal axis)

3) Comoving frame 

<latexit sha1_base64="7AWhSMj+8GPWMzQ4PNyi0pznhbk=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrKVCUIFRakAgtjkehDaqPKcZ3WquNEtoOoonwBC7/CwgBCrMxs/A1OmqG0HMnS8Tn36t573JBRqSzrxyisrK6tbxQ3S1vbO7t75v5BWwaRwKSFAxaIroskYZSTlqKKkW4oCPJdRjru5Cb1Ow9ESBrwezUNieOjEacexUhpaWBW+j5SY9eLH5PqJcw+GLH4KoFzRnVglq2alQEuEzsnZZCjOTC/+8MARz7hCjMkZc+2QuXESCiKGUlK/UiSEOEJGpGephz5RDpxdk4CK1oZQi8Q+nEFM3W+I0a+lFPf1ZXpjnLRS8X/vF6kvAsnpjyMFOF4NsiLGFQBTLOBQyoIVmyqCcKC6l0hHiOBsNIJlnQI9uLJy6R9WrPrtfrdWblxncdRBEfgGJwAG5yDBrgFTdACGDyBF/AG3o1n49X4MD5npQUj7zkEf2B8/QLlb5wF</latexit>

x0 = Ax00

Motion of the center of mass
<latexit sha1_base64="p2Z0eg81uALs9Q6M6FOPA4PSC5I=">AAACBXicbVBNS8NAEN3Ur1q/oh71ECxCBSlJleqx6sVjBfsBbQib7aRdutmE3Y1QQi9e/CtePCji1f/gzX/jpu1BWx8MPN6bYWaeHzMqlW1/G7ml5ZXVtfx6YWNza3vH3N1ryigRBBokYpFo+1gCoxwaiioG7VgADn0GLX94k/mtBxCSRvxejWJwQ9znNKAEKy155mE3xGpAMEuvxiXw7FPwHF0VXWcnnlm0y/YE1iJxZqSIZqh75le3F5EkBK4Iw1J2HDtWboqFooTBuNBNJMSYDHEfOppyHIJ008kXY+tYKz0riIQurqyJ+nsixaGUo9DXndnNct7LxP+8TqKCSzelPE4UcDJdFCTMUpGVRWL1qACi2EgTTATVt1pkgAUmSgdX0CE48y8vkmal7FTL1bvzYu16FkceHaAjVEIOukA1dIvqqIEIekTP6BW9GU/Gi/FufExbc8ZsZh/9gfH5A+fblug=</latexit>

A(e0, e1, e2, e3) 3x3 Orthogonal matrix made of 4 Euler parameters a 
quaternion <latexit sha1_base64="kZxoxZIwmVD9fgpmzn72DG4zWY8=">AAACBXicbVBNS8NAEN3Ur1q/oh71ECxCBSlJlepFKHrxWMF+QBvCZjtpl242cXcjlNCLF/+KFw+KePU/ePPfuGl70OqDgcd7M8zM82NGpbLtLyO3sLi0vJJfLaytb2xumds7TRklgkCDRCwSbR9LYJRDQ1HFoB0LwKHPoOUPrzK/dQ9C0ojfqlEMboj7nAaUYKUlz9zvhlgN/CC9G1+UwLOPwXN0VXSdHHlm0S7bE1h/iTMjRTRD3TM/u72IJCFwRRiWsuPYsXJTLBQlDMaFbiIhxmSI+9DRlOMQpJtOvhhbh1rpWUEkdHFlTdSfEykOpRyFvu7MbpbzXib+53USFZy7KeVxooCT6aIgYZaKrCwSq0cFEMVGmmAiqL7VIgMsMFE6uIIOwZl/+S9pVspOtVy9OS3WLmdx5NEeOkAl5KAzVEPXqI4aiKAH9IRe0KvxaDwbb8b7tDVnzGZ20S8YH9/wKJbt</latexit>

q = (e0, e1, e2, e3)

<latexit sha1_base64="2ooB8lbwRO92SNj56+3CwGGV3yU=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0V0VZIi1Y1QdSO4qdAXtLFMppN26GQSZiZCCf0PN/6KGxeKuBJc+DdO0oC19cDAmXPu5d573JBRqSzr28gtLa+sruXXCxubW9s75u5eUwaRwKSBAxaItoskYZSThqKKkXYoCPJdRlru6DrxWw9ESBrwuhqHxPHRgFOPYqS01DPLXR+poevFtxN4AdMPRiy+nNzX4a91POv0zKJVslLARWJnpAgy1HrmZ7cf4MgnXGGGpOzYVqicGAlFMSOTQjeSJER4hAakoylHPpFOnN42gUda6UMvEPpxBVN1tiNGvpRj39WVyYpy3kvE/7xOpLxzJ6Y8jBTheDrIixhUAUyCgn0qCFZsrAnCgupdIR4igbDScRZ0CPb8yYukWS7ZlVLl7rRYvcriyIMDcAhOgA3OQBXcgBpoAAwewTN4BW/Gk/FivBsf09KckfXsgz8wvn4AurmhQA==</latexit>

K = ATK0A
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Orientational dynamics
<latexit sha1_base64="Y5FS2M9z3qDBIoTEvWNbw5MmZ7w="></latexit>

d

dt
(I!p) = T

<latexit sha1_base64="fHG53Pa9zSuqYDENBmCDO8V70/Q="></latexit>

I0 d
dt

(!0
p) + !0

p ^ (I0!0
p) = T0

<latexit sha1_base64="7Vvu08vS3n1JyAqnXAw8VUxH+5s=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFdlRmR6rLoRncV7AOmQ8mkmTY0kwxJRihDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTj29zvPFGlmRSPZpLQIMZDwSJGsLGS34uxGYVhdj8961eqbs2dAS0TryBVKNDsV756A0nSmApDONba99zEBBlWhhFOp+VeqmmCyRgPqW+pwDHVQTaLPEWnVhmgSCr7hEEz9fdGhmOtJ3FoJ/OIetHLxf88PzXRdZAxkaSGCjL/KEo5MhLl96MBU5QYPrEEE8VsVkRGWGFibEtlW4K3ePIyaV/UvHqt/nBZbdwUdZTgGE7gHDy4ggbcQRNaQEDCM7zCm2OcF+fd+ZiPrjjFzhH8gfP5AxdwkSU=</latexit>

I0 is a diagonal matrix

computed from Jeffery Torque model
<latexit sha1_base64="tjUolPcpN5AEGo/Iick1lIiwkAo=">AAACIHicbVDLSgMxFM34rPU16tJNsEgrSJkRqS5FNy4rtCp0SrmTZtpgJhmSjFCG+RQ3/oobF4roTr/GTFvB14GQw7nncu89YcKZNp737szMzs0vLJaWyssrq2vr7sbmpZapIrRNJJfqOgRNORO0bZjh9DpRFOKQ06vw5qyoX91SpZkULTNKaDeGgWARI2Cs1HOPghjMMIyyVl6tBaHkfT2K7ZcFMqYDyHtJdR8HAkIO+Mua5tW9nlvx6t4Y+C/xp6SCpmj23LegL0kaU2EIB607vpeYbgbKMMJpXg5STRMgNzCgHUsFxFR3s/GBOd61Sh9HUtknDB6r3zsyiHWxt3UWO+rftUL8r9ZJTXTczZhIUkMFmQyKUo6NxEVauM8UJYaPLAGimN0VkyEoIMZmWrYh+L9P/ksuD+p+o964OKycnE7jKKFttINqyEdH6ASdoyZqI4Lu0AN6Qs/OvfPovDivE+uMM+3ZQj/gfHwCAeijfA==</latexit>

T0(!0
p,ru0)

 Lab frame  Particle frame

<latexit sha1_base64="s3x6EQ2mKfPZnvcOFnX13HRBW0I=">AAACJnicbVDLSgMxFM3UV62vUZdugkVwVWaKVDeFqhuXFewDOqVkMpk2NPNokhFKmK9x46+4cVERceenmJl2UVsPBA7nnEvuPW7MqJCW9W0UNja3tneKu6W9/YPDI/P4pC2ihGPSwhGLeNdFgjAakpakkpFuzAkKXEY67vg+8zvPhAsahU9yGpN+gIYh9SlGUksDs+74HGHlQSdAcuT6apKmypMprMO5Y6eqmuYmRkzdpoPJUnRglq2KlQOuE3tBymCB5sCcOV6Ek4CEEjMkRM+2YtlXiEuKGUlLTiJIjPAYDUlP0xAFRPRVfmYKL7TiQT/i+oUS5uryhEKBENPA1clsQ7HqZeJ/Xi+R/k1f0TBOJAnx/CM/YVBGMOsMepQTLNlUE4Q51btCPEK6HambLekS7NWT10m7WrFrldrjVblxt6ijCM7AObgENrgGDfAAmqAFMHgBb2AGPoxX4934NL7m0YKxmDkFf2D8/AJSaKbx</latexit>

dq

dt
=

1

2
Aqq

<latexit sha1_base64="WRYxu/c0CHn0mRdWdxBiUo4x4EM=">AAACD3icbVC7TsMwFHV4lvIKMLJYVEBZqgShwlhgYSwSfUhNFDmO01p14mA7SFWUP2DhV1gYQIiVlY2/wWk7QMuVLB+dc6/uucdPGJXKsr6NhcWl5ZXV0lp5fWNza9vc2W1LngpMWpgzLro+koTRmLQUVYx0E0FQ5DPS8YfXhd55IEJSHt+pUULcCPVjGlKMlKY888iJkBpgxLLL3LuvOj5ngRxF+sscHpE+yr3k+AR6ZsWqWeOC88CeggqYVtMzv5yA4zQiscIMSdmzrUS5GRKKYkbyspNKkiA8RH3S0zBGEZFuNr4nh4eaCWDIhX6xgmP290SGIlmY1J2FezmrFeR/Wi9V4YWb0ThJFYnxZFGYMqg4LMKBARUEKzbSAGFBtVeIB0ggrHSEZR2CPXvyPGif1ux6rX57VmlcTeMogX1wAKrABuegAW5AE7QABo/gGbyCN+PJeDHejY9J64IxndkDf8r4/AE9d5zI</latexit>

Aq(!
0
p) 4x4 matrix 

<latexit sha1_base64="P89lq4jpCcxNFh0P4BGHaWwKFqw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1Y1QdOOygn1AG8pkOmmHTiZxZlIoaf/EjQtF3Pon7vwbJ20W2npg4HDOvdwzx485U9pxvq3C2vrG5lZxu7Szu7d/YB8eNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj+4yvzWmUrFIPOpJTL0QDwQLGMHaSD3bnk67IdZDP0ifZtPpjduzy07FmQOtEjcnZchR79lf3X5EkpAKTThWquM6sfZSLDUjnM5K3UTRGJMRHtCOoQKHVHnpPPkMnRmlj4JImic0mqu/N1IcKjUJfTOZpVTLXib+53USHVx7KRNxoqkgi0NBwpGOUFYD6jNJieYTQzCRzGRFZIglJtqUVTIluMtfXiXNi4pbrVQfLsu127yOIpzAKZyDC1dQg3uoQwMIjOEZXuHNSq0X6936WIwWrHznGP7A+vwBBEGT6w==</latexit>

||q|| = 1 condition to be checked at each time step 

Kinematic evolution

<latexit sha1_base64="YEvI82nc+7O+GkM+WFH23Ez+dF8=">AAACDXicbVDLSsNAFL3xWesr6tLNYBVdlUSkuhGqblxW6AvaUCbTSTt08mBmIpTQH3Djr7hxoYhb9+78GydpQG09MHDmnHu59x434kwqy/oyFhaXlldWC2vF9Y3NrW1zZ7cpw1gQ2iAhD0XbxZJyFtCGYorTdiQo9l1OW+7oJvVb91RIFgZ1NY6o4+NBwDxGsNJSzzzs+lgNXS+pT47RJcp+BPPkaoJ+nJ5ZsspWBjRP7JyUIEetZ352+yGJfRoowrGUHduKlJNgoRjhdFLsxpJGmIzwgHY0DbBPpZNk10zQkVb6yAuFfoFCmfq7I8G+lGPf1ZXphnLWS8X/vE6svAsnYUEUKxqQ6SAv5kiFKI0G9ZmgRPGxJpgIpndFZIgFJkoHWNQh2LMnz5PmadmulCt3Z6XqdR5HAfbhAE7AhnOowi3UoAEEHuAJXuDVeDSejTfjfVq6YOQ9e/AHxsc39W+bhQ==</latexit>

T0 = AT

<latexit sha1_base64="jcRdlVkXoDbOb8ecrXTZBJHrPjc=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0V0VZIi1Y1QdaO7Cn1BG8tkOmmHTiZhZiKU0P9w46+4caGIK8GFf+MkDVhbDwycOede7r3HDRmVyrK+jdzS8srqWn69sLG5tb1j7u41ZRAJTBo4YIFou0gSRjlpKKoYaYeCIN9lpOWOrhO/9UCEpAGvq3FIHB8NOPUoRkpLPbPc9ZEaum58O4EXMP1gxOLLyX0d/lrHs07PLFolKwVcJHZGiiBDrWd+dvsBjnzCFWZIyo5thcqJkVAUMzIpdCNJQoRHaEA6mnLkE+nE6W0TeKSVPvQCoR9XMFVnO2LkSzn2XV2ZrCjnvUT8z+tEyjt3YsrDSBGOp4O8iEEVwCQo2KeCYMXGmiAsqN4V4iESCCsdZ0GHYM+fvEia5ZJdKVXuTovVqyyOPDgAh+AE2OAMVMENqIEGwOARPINX8GY8GS/Gu/ExLc0ZWc8++APj6wenL6E0</latexit>

I = AT I0A
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Two-way coupling

 Momentum conservation eq. 
For the fluid

Eq. Of motion for the particle
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Two-way coupling

 1.add the two equations

<latexit sha1_base64="yX9B9bmywV4JNYzwED35rRBpVVY="></latexit>Z

V
⇢f

Du

Dt
dV =

Z

Se

� · n dS +

Z

Vf

⇢fgdV + ⇢pVpg +

Z

Vp

⇢f
Du

Dt
dV � ⇢pVp

dv

dt

 2.add the term  On both sides and use
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<latexit sha1_base64="dlasdkpmn2pKS+J7nGiDJ3dg8f8="></latexit>Z

V
⇢f

Du

Dt
dV =

Z

V
r · � + ⇢fg dV +

Z

Vp

⇢f (
Du

Dt
� g) + ⇢p(g � dv

dt
)dV

<latexit sha1_base64="hbYndBgg9zu3w0DANDwiNs474wQ="></latexit>Z

V
⇢f

Du

Dt
dV =

Z

V
r · � + ⇢fg dV +

Z

Vp

⇢f (
Du

Dt
� g)dV + ⇢p(Vpg � Vp

dv

dt
)

 3. Use Gauss theorem

<latexit sha1_base64="vxnnBpWtzfjRBUH4o211axZJvf8="></latexit>Z

V
⇢f

Du

Dt
dV =

Z

V
r · � + ⇢fg dV +

Z

V


⇢f (

Du

Dt
� g) + ⇢p(g � dv

dt
)

�
⇥(x� xp)dV

Heavyside theta function

 4. assuming that the flow gradients are constant over the particle (or assuming point-like particles)
<latexit sha1_base64="BLX4MbYX2Tcg9okTRSUSHKaTwqI="></latexit>Z

V
⇢f

Du

Dt
dV =

Z

V
r · � + ⇢fg dV +

Z

V


⇢f (

Du

Dt
� g) + ⇢p(g � dv

dt
)

�
Vp�(x� xp)dV

 Dirac delta function

 5. Consider that the volume V is arbitrary —> eq. In differential (local) form

Squires & Eaton (1990); Elghobashi & Truesdell (1993); Boivin et al. (1998), Mazzitelli (2003)
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Single particle feedback on the flow
<latexit sha1_base64="Z9nsHUUKUJyR0OqGfTfLz7aOY7M="></latexit>

apf =


Du

Dt
� g +

⇢p
⇢f

(g � dv

dt
)

�
Vp

V �(x� xp)

<latexit sha1_base64="UT2z6Q+MPq3/Z3PWTu1qw+osYjE="></latexit>

Du

Dt
= r · � + g + apf

<latexit sha1_base64="PS+n4E0KQun94HgBz1kJ7nvQ0Xw="></latexit>

apf = ⌃N
i=1


Du

Dt
� g +

⇢p
⇢f

(g � dv

dt
)

�
Vp

V �(x� xp)

Many particles

<latexit sha1_base64="pK1hKTTPHk+qzKYJbEyrJW+iWJI="></latexit>

apf =


Du

Dt
� g +

⇢p
⇢f

(g � dv

dt
)

�
Vp n(x, t)

Eulerian description

<latexit sha1_base64="WoeuWcdyBzK03QGPYPpAY2CQQc8="></latexit>

apf =


Du

Dt
� g +

⇢p
⇢f

(g � dv

dt
)

�
�p(x, t)

number density

volume density

<latexit sha1_base64="qdHcFEANqoA1x3vdE0GwitjXGfA="></latexit>

� = �pI + µf (ru+ruT )
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Body fitted Fictitious domain

The real DNS
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Penalisation method

See: Erwan Liberge, Claudine Béghein. A comparison of force computations for modeling 
fluid - structure interaction problems with the lattice Boltzmann volume penalisation method.  
Discrete and Continuous Dynamical Systems - Series S, 2024, 17, pp.2420 - 2435.

stress integration method to compute force and torque on the particle

Penalization force
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Particle-resolved
Immersed Boundary Method

 IB (body) force
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Particle-resolved
Immersed Boundary Method

are Lagrangian particle interface marker points

evolved velocity without the body forceknown

<latexit sha1_base64="JaCHtqDW+Lx6OQVcjDYqxVTdkWw=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cVnBPqApZTK9aYdOJmFmIpTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5y/3OEyrNY/lopgn2IzqSPOSMGiv5fkTNOAiz7mwwGVSqbs2dg6wSryBVKNAcVL78YczSCKVhgmrd89zE9DOqDGcCZ2U/1ZhQNqEj7FkqaYS6n80zz8i5VYYkjJV90pC5+nsjo5HW0yiwk3lGvezl4n9eLzXhTT/jMkkNSrY4FKaCmJjkBZAhV8iMmFpCmeI2K2FjqigztqayLcFb/vIqaV/WvHqt/nBVbdwWdZTgFM7gAjy4hgbcQxNawCCBZ3iFNyd1Xpx352MxuuYUOyfwB87nD1T6keU=</latexit>

Xk
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Particle-resolved
Immersed Boundary Method

 How to compute and apply the IB force?   Multi Direct Forcing method

<latexit sha1_base64="VoVc7PUzLpk3wX/8aq2Zs5mRutI=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ildveWS6QEe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83unZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9HnSF5ozlGNLKNPC3krYkGrK0EZUtCF4iy8vk+Z5xatWqvcX5dp1HkcBjuEEzsCDS6jBHdShAQwkPMMrvDmPzovz7nzMW1ecfOYI/sD5/AGTB4+v</latexit>

�t

 Step 1

 Step 2

 Step 3

 Step 4

After ~5 iterations  b.c. are satisfied at 
the Lagrangian points

 Peskin 1972 weighting function



Zero inertia particles

Jeffery (1922)

<latexit sha1_base64="8r2/s1nL1MOIsMusLlbK4brEiDQ=">AAACIXicbVBNS8NAFNz4bf2KevSyWARPJVFRL4JoEY8VbCs0MWy2G7t0swm7L2IJ+Ste/CtePCjSm/hn3MYetDqwMMzM4+2bMBVcg+N8WFPTM7Nz8wuLlaXlldU1e32jpZNMUdakiUjUTUg0E1yyJnAQ7CZVjMShYO2wfz7y2/dMaZ7IaxikzI/JneQRpwSMFNjHuRdG+KII8lajwCfY4xIMD9ICe6qXYC9ShOZ1XMayosjrUODu7f5DYFedmlMC/yXumFTRGI3AHnrdhGYxk0AF0brjOin4OVHAqWBFxcs0SwntkzvWMVSSmGk/Ly8s8I5RujhKlHkScKn+nMhJrPUgDk0yJtDTk95I/M/rZBAd+zmXaQZM0u9FUSYwJHhUF+5yxSiIgSGEKm7+immPmE7AlFoxJbiTJ/8lrb2ae1g7uDqonp6N61hAW2gb7SIXHaFTdIkaqIkoekTP6BW9WU/Wi/VuDb+jU9Z4ZhP9gvX5BY5noyo=</latexit>

FV P =

Z

Vp

⇢
Du

Dt
d3x

<latexit sha1_base64="j8U6gP1HbVWTE1kmliKhem4tfBQ="></latexit>

TV P =

Z

Vp

(x� r)⇥ ⇢
Du

Dt
d3x

Auxiliary particle models
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vΩ vΩ

Ω Ω

a c e

b d f
RP

RPFL

VP

VPFL VA

JFT

Real Particles (RP)    Virtual Particles (VP)    Jeffery fluid tracers (JFT) 

Real Particles Fixed 
Location (RPFL)    

Volume Averages (VA)    Virtual Particles Fixed 
Location (VPFL)    

Dynamics of finite-size spheroids in turbulent flow 7

are:

FV P = ⇢Vp

⌧
Du

Dt

�v

⌘
Z

Vp

⇢
Du

Dt
d
3
x (2.9)

TV P = Vp

⌧
dL

dt

�v

⌘
Z

Vp

(x� r)⇥ ⇢
Du

Dt
d
3
x (2.10)

where Du/Dt is the fluid acceleration, L is the angular momentum, and hiv denotes the
average over the fluid volume of the virtual particle.
In the fourth numerical experiment, we adopt real particles with fixed locations

(RPFL). We fix the spatial position of the real particles and only evolve the rotation
by solving the Eq. (2.4). In this case, the IBM is still implemented and the particles are
two-way coupled with the flow, as shown in Figure 2b.
The fifth numerical experiment contains the virtual particles with fixed locations

(VPFL), as shown in Figure 2d. We fixed the location of VP in the turbulence and
only evolve the rotation by solving the Eq. (2.4). No feedback on the flow is imposed and
the rotation of VPFL is driven by the time derivative of the angular momentum of the
fluid inside the virtual particles.
Finally, to better contrast the dynamics of finite-size particles with respect to sub-

Kolmogorov scale particles, we carry out a sixth numerical experiment with point-like
spheroidal tracers, as shown in Figure 2e. The governing equations for the point-like
spheroidal tracers with position, r(t), and orientation, p(t), are given by

ṙ = u(r(t), t), (2.11)

ṗ = ⌦ ⇥ p (2.12)

⌦ =
1

2
!(r(t), t) + ⇤ p⇥ S(r(t), t)p (2.13)

Here, u(r(t), t) is the fluid velocity at the particle position at time t. The vector
!(r(t), t) = r ⇥ u is the fluid vorticity and S = (ru + ruT )/2 is the strain-rate

matrix of the fluid velocity gradient tensor, ru, at the particle position, and ⇤ = ↵2�1
↵2+1

is the shape parameter of particles. The equations of rotation Eq. (2.12)(2.13), called the
Je↵ery angular equations (Je↵ery 1922; Byron et al. 2015), have been extensively used for
the study of the dynamics of tiny spheroidal tracers (Parsa et al. 2012; Gustavsson et al.
2014; Calzavarini et al. 2020; Jiang et al. 2021, 2020). The aspect ratios of the point-
like spheroidal tracers (hereafter called Je↵ery tracers) are chosen equal to the ones of
RP. For each aspect ratio, we seed 105 Je↵ery tracers in the flow to have converged
statistics. The numerical condition of the flow is identical to the simulation of RP. We
use hitracer to denote the temporal and ensemble average of Je↵ery tracers. Note that
the translational dynamics of the particles is the one of perfect Lagrangian tracers, Eq.
(2.11), independently of their geometric aspect ratio (i.e. the drag force is here neglected).
For this reason, we denote the particles as Je↵ery fluid tracers (JFT). For better clarity
all the model systems described above are summarized in Table 2.

3. Results

3.1. Particle trajectories and fields visualizations

In Figure 3a a visualization example of the trajectory of a spheroid with ↵ = 2 and
an equivalent diameter Dv = 25⌘ over a relatively short time span, ⇠ 40 dissipative
times (⌧⌘), obtained from the simulation. The energy dissipation rate field in the fluid,
✏, is represented in colour over planes intersecting the spheroid. Such a quantity that
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n. Numerical Experiments Model Equations

1 Real Particles (RP) NSE + NEE + IBM
2 Volume Averages (VA) NSE
3 Virtual Particles (VP) NSE + NEE
4 Real Particles with Fixed Locations (RPFL) NSE + EE + IBM
5 Virtual Particles with Fixed Locations (VPFL) NSE + EE
6 Je↵ery Fluid Tracers (JFT) NSE + tracer eq.+ Je↵ery eq.

Table 2. Summary of the six performed numerical experiments with the corresponding involved
dynamical equations: Navier-Stokes equation (NSE) (2.1)-(2.2), Newton-Euler equation (NEE)
(2.3)-(2.4); Euler equation (EE) (2.4) only rotation for particles with fixed location; No-slip
boundary conditions (i.e. two-way coupling) at particle-fluid interface implemented via the
immersed boundary method (IBM); tracer equation (2.11), Je↵ery equation (2.12)-(2.13).

Figure 3. (a) Example of trajectory for a spheroid with an equivalent diameter Dv ⇡ 25 ⌘
and aspect ratio ↵ = 2 at Re� = 120. The slices show the local dissipation rate ✏x,t, normalized
by ✏, at the planes through the spheroid center at time t = 0, 8.7, 17.4, 26.1, 39.1 in ⌧⌘. (b)
Azimuthally and temporally averaged dissipation rate ✏, normalized by ✏, around the spheroid
with a diameter Dv ⇡ 25 ⌘ and aspect ratio ↵ = 2 at Re� = 120. The black line denotes
the contour line of log10(✏/✏) = 0. (c) Azimuthally and temporally averaged square of u � v,
normalized by the mean square of u, around the spheroid with diameter Dv = 25 ⌘ and aspect
ratio ↵ = 2 at Re� = 120. The black line denotes the contour line of (u� v)2/hu2iv,t = 1. xp

and yp represent the coordinates in the particle frame.

depends on the square of velocity gradients allows to foreground the e↵ect the fluid-
particle coupling. We observe that just a thin layer of large dissipation appears around
the particle (see the zoom-in region of the slice at t1 = 8.7⌧⌘), while no wakes are observed
at larger distances. This mild e↵ect induced by the particle presence in the flow is better
quantified by computing temporal fluid averages in the vicinity of the particle. This
is numerically performed by seeding the flow with point-like Lagrangian probes whose
positions are fixed in the particle frame of reference. Figure 3b shows the temporally and
azimuthally averaged local dissipation rate around the spheroid (↵ = 2 and Dv/⌘ = 25).
It appears that the dissipation rate close to the particle is enhanced by one order of
magnitude with respect to the far-field value, furthermore such an increase is uniformly
distributed around the particle. Indeed, the contour line in the figure (black colour)
marking where the particle influence reaches a saturation, indicates that the finite-size
particle modifies the flow over the spheroidal region of about 1.5 times of the linear size
of the particle. Similar results for finite-size spheres have been observed in turbulence
at Re� = 160 (Cisse et al. 2013). The presence of the particle significantly modifies

<latexit sha1_base64="dN0JCREMCR5E1iaPJ+htRdxMVnI=">AAACKHicbVDLSgMxFM34tr6qLt1Ei+CqzKioG/G5cKlgq9CpQybNaDCTGZI7Ygn5HDf+ihsRRdz6JabTLnwdCBzOOZebe+JccA2+/+ENDY+Mjo1PTFampmdm56rzC02dFYqyBs1Epi5jopngkjWAg2CXuWIkjQW7iG+Pev7FHVOaZ/Icujlrp+Ra8oRTAk6KqnsmjBNMbGSa4fKB3Q0TRagJrGlGuQ25hKhkuK8fl+nCWnMMFneuNu6jas2v+yXwXxIMSA0NcBpVX8JORouUSaCCaN0K/BzahijgVDBbCQvNckJvyTVrOSpJynTblIdavOqUDk4y5Z4EXKrfJwxJte6msUumBG70b68n/ue1Ckh22obLvAAmaX9RUggMGe61hjtcMQqi6wihiru/YnpDXCXguq24EoLfJ/8lzfV6sFXfPNus7R8O6phAS2gFraEAbaN9dIJOUQNR9ICe0Ct68x69Z+/d++hHh7zBzCL6Ae/zC89EpxI=</latexit>
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where u(x, t) denotes the fluid velocity vector field, p(x, t) is the hydrodynamic pressure,
and the parameters are the kinematic viscosity ⌫ and the reference liquid density ⇢.
The vector field f refers to the external force sustaining the HIT flow. The particle-
free turbulent flow intensity is here identified by a single dimensionless parameter,
the Reynolds number based on the Taylor microscale, Re� = �u

0
/⌫, where u

0 =p
huiuiiv,t/3 is the root-mean-square (r.m.s.) velocity of the turbulent flow (h. . .iv,t

denotes here volume and time average), � =
p

15⌫u02/✏ is the Taylor length scale and
✏ = (⌫/2)⌃i,jh(riuj +rjui)2iv,t is the mean global energy dissipation rate.
The translation and rotation of rigid-body material particle is governed by the Newton-

Euler equations (NEE):

mp
dv

dt
= F+ Fc, (2.3)

dI⌦
dt

= T+Tc, (2.4)

where v(t) = dr/dt and ⌦(t) are the particle velocity and angular velocity vectors of
a particle at position r(t) with mass mp = ⇢pVp (⇢p the particle density and Vp the
volume) and I the moment of inertia tensor. Note that since we consider neutrally
buoyant and homogeneous particles, ⇢p = ⇢, this allows neglecting the buoyancy force in
the particle equation of motion as well any gravity-induced torque. Hence F and T in
(2.3)-(2.4) denote here the hydrodynamic force and torque acting on the particle, which
are formally written as:

F =

I

Sp

� · n dS (2.5)

T =

I

Sp

(x� r)⇥ (� · n) dS, (2.6)

where � = �pI+⇢⌫(ru+ruT ) is the fluid stress tensor, x�r the position vector relative
to the particle center and n the outward-pointing normal to the particle surface Sp.
While Fc and Tc are the additional impulsive forces and torques related to the particle-
particle collisions (the so-called four-way interaction).The two-way coupling, meaning
the coupling between the fluid and the particles is provided by the requirement of no-slip
boundary condition on the particle surfaces (see below for its numerical implementation).

For an axisymmetric particle with symmetry axis identified by a unit vector p, as
the ones we consider in this study, the angular velocity ⌦ can be decomposed into the
tumbling rotation rate, ṗ = ⌦ ⇥ p, the spinning rotation rate, ⌦s = (⌦ · p)p (Voth &
Soldati 2017). These will be key quantities in our analysis of particle angular dynamics.
Similarly, it will reveal useful in our analysis to distinguish between axial and lateral
accelerations, a = dv/dt, denoted ak = (a ·p)p and a? = a⇥p respectively. The shape
of an axisymmetric spheroid is characterized by the aspect ratio, ↵ = l/d, where l and
d are the sizes of the symmetry axis and of the one perpendicular to it. We will use the
volume equivalent diameter Dv = (d2l)1/3 = d ↵

1/3 as a parameter to compare the size
of particles with di↵erent shapes.

On the computational side: the NSE turbulent dynamics is here numerically simulated
by means of a Lattice Boltzmann Method (LBM) code, the ch4-project (Calzavarini
2019) which has been already extensively employed in studies of Lagrangian tracers and
point-like particle dynamics in turbulence (Mathai et al. 2016; Calzavarini et al. 2020;
Jiang et al. 2020, 2021). The code uses a tri-linear scheme for the Lagrangian-Eulerian
frame interpolations. The computational domain is cubic with equispaced grid sizes, 1283
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are:

FV P = ⇢Vp

⌧
Du

Dt

�v

⌘
Z

Vp

⇢
Du

Dt
d
3
x (2.9)

TV P = Vp

⌧
dL

dt

�v

⌘
Z

Vp

(x� r)⇥ ⇢
Du

Dt
d
3
x (2.10)

where Du/Dt is the fluid acceleration, L is the angular momentum, and hiv denotes the
average over the fluid volume of the virtual particle.
In the fourth numerical experiment, we adopt real particles with fixed locations

(RPFL). We fix the spatial position of the real particles and only evolve the rotation
by solving the Eq. (2.4). In this case, the IBM is still implemented and the particles are
two-way coupled with the flow, as shown in Figure 2b.
The fifth numerical experiment contains the virtual particles with fixed locations

(VPFL), as shown in Figure 2d. We fixed the location of VP in the turbulence and
only evolve the rotation by solving the Eq. (2.4). No feedback on the flow is imposed and
the rotation of VPFL is driven by the time derivative of the angular momentum of the
fluid inside the virtual particles.
Finally, to better contrast the dynamics of finite-size particles with respect to sub-

Kolmogorov scale particles, we carry out a sixth numerical experiment with point-like
spheroidal tracers, as shown in Figure 2e. The governing equations for the point-like
spheroidal tracers with position, r(t), and orientation, p(t), are given by

ṙ = u(r(t), t), (2.11)

ṗ = ⌦ ⇥ p (2.12)

⌦ =
1

2
!(r(t), t) + ⇤ p⇥ S(r(t), t)p (2.13)

Here, u(r(t), t) is the fluid velocity at the particle position at time t. The vector
!(r(t), t) = r ⇥ u is the fluid vorticity and S = (ru + ruT )/2 is the strain-rate

matrix of the fluid velocity gradient tensor, ru, at the particle position, and ⇤ = ↵2�1
↵2+1

is the shape parameter of particles. The equations of rotation Eq. (2.12)(2.13), called the
Je↵ery angular equations (Je↵ery 1922; Byron et al. 2015), have been extensively used for
the study of the dynamics of tiny spheroidal tracers (Parsa et al. 2012; Gustavsson et al.
2014; Calzavarini et al. 2020; Jiang et al. 2021, 2020). The aspect ratios of the point-
like spheroidal tracers (hereafter called Je↵ery tracers) are chosen equal to the ones of
RP. For each aspect ratio, we seed 105 Je↵ery tracers in the flow to have converged
statistics. The numerical condition of the flow is identical to the simulation of RP. We
use hitracer to denote the temporal and ensemble average of Je↵ery tracers. Note that
the translational dynamics of the particles is the one of perfect Lagrangian tracers, Eq.
(2.11), independently of their geometric aspect ratio (i.e. the drag force is here neglected).
For this reason, we denote the particles as Je↵ery fluid tracers (JFT). For better clarity
all the model systems described above are summarized in Table 2.

3. Results

3.1. Particle trajectories and fields visualizations

In Figure 3a a visualization example of the trajectory of a spheroid with ↵ = 2 and
an equivalent diameter Dv = 25⌘ over a relatively short time span, ⇠ 40 dissipative
times (⌧⌘), obtained from the simulation. The energy dissipation rate field in the fluid,
✏, is represented in colour over planes intersecting the spheroid. Such a quantity that
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See https://github.com/ecalzavarini/copartcoflow

We will use Python (v3)  and jupyter notebook

• Solve the Navier-Stokes equation in 2D, fully understanding the code


• Simulate inertial particle dispersion 


• Visualize and analyze particle clustering  

Goal: Everyone can do CFD

Simulations to the people!
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Pseudo-spectral method
Treatment of non-linear and forcing terms
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v̂(n+1)  v̂(n+1) ��t ikP̂

Pressure correction step

<latexit sha1_base64="MEuop8OebQgzHvO5+trbXu2wqZo=">AAACLHicbVDLSsNAFJ34rPVVdelmsAhuDIlIdSMUu3FZwT6gqWUymdihkwczN0oJ+SA3/oogLizi1u9w0lbU1gMDh3POZe49biy4AssaGQuLS8srq4W14vrG5tZ2aWe3qaJEUtagkYhk2yWKCR6yBnAQrB1LRgJXsJY7qOV+655JxaPwBoYx6wbkLuQ+pwS01CvVOHYCAn3XTweZQ70IsPPAPdYnkH4b0uybyswyfIGPf8K3J9jJU/WsVypbpjUGnif2lJTRFPVe6cXxIpoELAQqiFId24qhmxIJnAqWFZ1EsZjQAbljHU1DEjDVTcfHZvhQKx72I6lfCHis/p5ISaDUMHB1Mt9VzXq5+J/XScA/76Y8jBNgIZ185CcCQ4Tz5rDHJaMghpoQKrneFdM+kYSC7reoS7BnT54nzRPTrpiV69Ny9XJaRwHtowN0hGx0hqroCtVRA1H0iJ7RGxoZT8ar8W58TKILxnRmD/2B8fkFqfqodw==</latexit>

ik · \r.h.s. = �k2P̂

Treatment of viscous dissipation 

Implicit Euler



Thanks
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