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Outline

1. Models of material particles transported by a fluid
2. Methods for simulating the particle motion in a fluid

3. Hands on: CFD of particle centrifugation by vortices
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How to describe the motion of a fluid

Two point of views
Lagrange

aka material or particle description
X f (ta X0 tO)

x = u(x(t),t)

im — 0 c{> N, = const. and trajectories do not cross

d .
E(mU) _F C_':> X = Dyu(x(t))



A particle does not go with the flow

Xp =V = fh (i)
dxp
@ YW
mpcfi—: = 6mpr,(u —v)
drag

Stokes (1851)

Used by Einstein (19095) in his famous article on Brownian motion
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Hydrodynamic forces on a particle

Small inertial particles, an equation with many authors and many names

Stokes (1851)

Boussinesq (1885), Basset (1888), Oseen (1927) -> BBO eq.

Tchen (1947), Corrsin-Lumley(1956)

Maxey-Riley (1983), Gatignol (1983) -> MRG eq. extension to non-uniform creeping flows

dXp

— = V(1)

dt

dv Du myd(u—v) 5 Ydlu—v) dr

mp—r = 6mur,(w—v) +my 57 T 5 pr | 67°p\/7rpf,u/0 i i - (my —my)g
drag fluid added history buoyancy
acceleration Mass

N ey vl
S\, TS




Small particles

Can we describe a particle with a field?  Overdamped limit or equilibrium Eulerian approach

v n | _ dpy _i
@ Ppe v ite O e, P T mp  BStmodel

1. Expand the veLocL’cH Lt a small parameter

~ 2 2
VU TpVy + T, V2 C?{> Pe e s T e (P

2. DerLvatives

D %,
D0 =30 +u-V0 . d )

d 0 o> il L e
Al i Y



2. Rewrtte the equatiow

du dvq 5 AV

- T - T
iAo S i
4. Solve order bg ovoler

Order Tg

du du
73 = p

Order i

dv 1
dt

Small particles

du
B(Tpvi + TZ?VQ

— By Vu- v, > va=(1-8)=; Bﬂ—ﬁ)(g

)'VU—Vl—TpVQ—I—(l—ﬁ)g

i an G ) > V1:(1—5)(g Cf;)




Small particles

du i d*u du .
vewin(1-8) (s- 5 ) +7 [1-9 57 0 -5) (s~ 5 ) - Vu

5. Express the result in terms of flutd quantities

Du du du
il 1 2
D 7 0 (g e > Vu+ O(7,)

Du
wvzu—l—'rp(l—ﬁ)<g Dt)JrC’)(Tg)

LI— R ——————— E— R ——— — — E——— — ——————— — ———— J

e e e s I-gl
|

Du - Du Du’
v ~ u+t7,(1-5) (g Dt)+7§(1—6) (1—2p5) (g Dt) -Vu A D2
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Small particle models

|

v=u+(1-8)n (g~ Dw) | V= U+ Vadd
— n(x, t) particle number density

(9tn V - (n V) =0 C> on +v-Vn = _n(v ' Vadd)

V:u+vsmk:u+(1—5)7pg q> &m—l—v-Vn:()

v=u+ (1-0)7r,(g— D) [‘_Jl> onm+v-Vn=n71,(1—-06)(V-Du) =n 1,(8—1)Ap

V:u+vswim:u+vswimf) $ 8tn—|—an:_n(vf))
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(not so) small particles

April 2007

Eulerian particle description breaks down

Lagrangrangian-Bulerian particles

Xp

Xep = V(Xep, T)

St =P >
Tn

N

12

Sling effect: crossing of trajectories 24 |

EPL, 78 (2007) 14001
doi: 10.1209/0295-5075/78/14001

WWww.epljournal.org

The Eulerian description of dilute collisionless suspension

G. BorreTTA!, A. CELANI?, F. DE LiLLO? and S. MUSACCHIO?

Tnd,g Lagrang LA pa rtieles

v (1)

Different phase space of the two systems
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Finite-sized particles

Corrections to the point-particle equation e 3
iy
Finite-size effect (Faxén laws 1922) l
7°2 7“129 dv
u%[u]szu—l—FpAu u%[u]vﬁul 10Au E:@
in drag , history in fluid acceleration , added mass
Finite-Reynolds effect (Shiller-Neumann 1935) wake drag empirical correlation %,
6 ur, — 6rur, (1 + 0.15R62'687) Re, < 10° i

Lift force for light particles (Auton JFM 1987, inviscid calculation)

f1,70 = %(u—v) x (V x u)
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Stokes flow

o —@-v)+ (- P
o+~ (fuls —v) + (1= e
3

Critical Reynolds

number

103

Different from Magnus lift

fMagnus ~ (11 N V) X Wy

10* 10° 100
Reynolds number




Particles with a shape

Spheroidal particles

aspect ratio

N
&= 7

fluid velocity

gradient tensor

p(t)=Q-p

disk (oblate) sphere rod (prolate)
v

a <1 o = a > 1

Vu=Q+S8

rotation strain
rate rate

| _ : Jeffery (1922)
&2 _|_ 1 (I pp ) Sp equ};tiogn
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Particles with a shape

Other way of writing the same equation

- w o’ —1

P=wsjAD W = -
Particle angular
velocity

pASp

p tumbling rotation rate (wy - pP)p spinning rate

p(t) = q(t) = (ﬂ : Zi ; 15) q

=S q(t) = q(0)els (S

15

fluid vorticity
rate of rotation 1 \
tensor Qz’j — 5 6’63 1 (W1

B.Mehlig, K.Gustavsson, Byron

A.Szeri
Phil. Trans. A345, 477-508, (1993)



Particles with a shape

a? —1

. A.Szeri
q(t) = (ﬂ | 02 L 1S> q Phil. Trans. A345, 477-508, (1993)

Rods o — OO

q=Vu-q q:—VuT-q
Vorticity Temperature gradient
w=Vu-w+ rAw VT = —Vul . VT + kAVT

Pumir & Wilkinson New J.Physics 13 093030 (2011)
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Particles with a shape

Simple models of inertial particles with a shape

Inertial sphere: translation and rotation
2

My 0 = F = 6mpr,(u—v) (_11> P 6mur, 9ps v Rotation relaxes faster
, than translation
d(1 w,) ; sy 1 ppTy
dt Tpry (W — wp) C{> pyrot drurs 15 py v {}
2 Decoupling of rotation
lij = gmry 04 from translation
Simple model of non-spherical inertial particle
dV T
mpE:/C(u—V)qupg /C:CLI-F(CH —CL)PP
2 _ inerial spheraids n isotropic urbul
p(t) _ Q P | QY 1 (I B pp) . Sp Orientation N drag nertial spneroidas in nomogeneous, 1sotropic turpuience

a? + 1

./ Amal Roy'%”, Anupam Gupta3', and Samriddhi Sankar Ray?*
Show m

Phys. Rev. E 98, 021101(R) - Published 3 August, 2018

DOIL: https://doi.org/10.1103/PhysRevE.98.021101



Particles with a shape

Fully Overdumped models

v, () =v""e, + (VI — V") (é,-p) p Settling aspherical particles

4 VsP (t) MLero-swimmers

svs O(0s) P(t)  eatar taxic and foraging

J (p, ’:YS, t) Planktonic ’jumps”




Particles with a shape

Translation-rotation coupled point-particle models

. . d 2
MpX = f + myg pP—=w /\ P ﬁ(ﬂw) — T I = mp57“pL [(1 4 042)5z'j + (1 — 042)1%293‘}

Resistance temsor

Force § Torque exe matrix
Statistical Model for the Orientation of Nonspherical Particles

f }C O O ®—="0 Settling in Turbulence

K. Gustavsson', J. Jucha?3, A. Naso?, E. Lévéque?, A. Pumir?, and B. Mehlig'

0 MU M2
S Phys. Rev. Lett. 119, 254501 - Published 19 December, 2017
T DOIL: https://doi.org/10.1103/PhysRevLett.119.254501

Reslstance Reslstance rotation
translation tensors (2und and
tewnsor 2rd rank)

\

K=c, T+ (CH —CL)ppT



Finite-sized particles

Back to basics: Rigid body motion

d_V:F F:% a'-ndS /y
S Y

dIQ:T szg(x—r)x(o'-n)dS N
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Particle couplings

Dusty-gas model (Eulerian-Eulerian description) On the stability of laminar flow of a dusty gas

By P. G. SAFFMAN
Department of Mathematics, King’s College, London

813% —|— V ‘ (TL V) — O (Received 19 December 1961)
uUu—v
5’tv + Vv VV —
Tp
Two-way momentum coupling
V-u=90
uUu—Vv
ou+u-Vu=—-Vp+rvViu—n

Tp
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Particle couplings

N
@V:Vp/ndV: Sy
v V

dilute dense
Particles volume fraction @,
| | | | .
10~ 107 105 1073 10~
Flud Flued Flutol
Particle Particle Particle < . Particle
one-way two-way 4-way
total momentum (and Lubrication forces

mass) conservation
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(d/n) or LES: (d/€)

DNS

(Tp/ Tf)

(t,/T)) or LES:

DNS

0.2

—
<
w

Fully \
resolved \

Lagrangian \
point-particle “

Equilibrium
Eulerian

Dilute suspension
one- or two-way coupled

article couplings

ANNUAL REVIEW OF FLUID MECHANICS Volume 42,2010

Review Article

Turbulent Dispersed Multiphase Flow

S. Balachandar! and John K. Eaton?
© View Affiliations

Vol. 42:111-133 (Volume publication date January 2010) | https://doi.org/10.1146/annurev.fluid.010908.165243

Dense suspension
four-way coupled
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Part 2

Methods



Which method?

A matter of scale

4
//)
/‘,/ 1L W

\ _ |

| LA

L\ ),

\ Ml 7/
| Il .7

gabs =>> I'p obs Z Tp Cobs < Tp



Eulerian-Eulerian

When? The continuum hypothesis holds
Advantages:

1) Theoretical PDE analysis, analytical understanding e.g. instabilities

My view: In general, simpler (more abstract) models allow a deeper understanding of a
complex physical system

2) Numerical Use same discretisation method for the carrier flow and particles

Choose your favourite method: Spectral, FD, FV, LBM
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Eulerian-Eulerian

Difficulties: development of shocks due to the compressibility of particle
velocity field.

Solutions:

1) Regularisation through artificial dissipations (in mass and momentum
conservation)

2) Use semi-Lagrangian methods for the advection term
3) Shock capturing schemes

4) different spatial/temporal resolutions for particles and fluid

27



Eulerian-Lagrangian

0Q
o &
o
o OO
o
S o)
@)
(&)

When? the observation scale is very large but the continuum hyp. does not hold

Eulerian fluid description as easy as before
Particle dynamics based on ODE (or ODIE)

One-way coupling—> interpolation

Two-way coupling —> interpolation and extrapolation

28



Eulerian-Lagrangian

Interpolation/extrapolation

2D -> bilinear

Informations from 4 points

,yz) (X 22)

(X 1

-
-
-

+ @

3D -> trilinear

Informations from 8 points

e
-
ﬁ

3D -> tricubic

Informations from 27 cubes 64 points

flz,y,z
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Eulerian-Lagrangian |+

How to compute the hydrodynamic forces on the particle?

Fluid material derivative

D =dyu+ (u—v)-Vu :ut_(;;t_& - (u—v)-Vu

Orrh.s. of NS —Vp+vViu+f

History force

Basset kernel :xﬂ ?:im

* Window kernel International Journal of Multiphase Flow

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu

- - -Modified Basset kernel |

1
3 t 2 d 2.5
it i’ “(u —-vydr
"y Ji—t, \7T(t —T) dr

Efficient calculation of the history force at
finite Reynolds numbers

AJ.Dorgan, E. Loth & &

b Journal of Computational Physics
ELSEVIER ~ Volume 230, Issue 4, 20 February 2011, Pages 1465-1478 = iz )
. I"]ﬂ] 5t * \‘~~§N§§~ | y |
* T T o o
win d oW et h Od . An efficient, second order method for the

0 : . S S approximation of the Basset history force

empirically in turbulence t, ~ 10t, o 12 3 45




Eulerian Lagrangian

Temporal integration L#d © o

Time-marching scheme

Taylor scheme AB?2
v(t 4+ ot) = v(t) + a(t)ot v(t+t) = v(t) + @a(t) + %a(t - 5t)) ot

x(t + 8t) = x(t) + v(£)dt + ~a(t)dt2  x(t+ot) = x(t) + @v(t) . (m) 5t

Size of time-step

2
ot K 1p Ty = I min|7,(Re,)]

P =S 6t < Stputer

5t<<Tf

31



- - oé’goo% 20090
Eulerian Lagrangian P87
Particles with size and shape p%:%O:% F e

Faxéen terms

@ _ 3y—1 @ 3
[Dt]v_(4/3m’p) [th (x,t)d’x

[ulg = (4nry) ™ / u(x, t) d’x.

S

GxX) = (1/(v/270))3 exp(—x2/(202)),

G(xl,(),O)
S(x,0,0)
Optimal V
Optimal S

llllllllllllllllllllllllllllllllllllllllllllllllllllllll
-

Efficient implementation: Gaussian convolutions and FFTs

— —
— — ~

Du ~ Du
—x,t)| ~ | GX)—x=X,t)d’X =DFT ' |GEK) —(k, ¢
_Dt( )v [L3 ()Dt( ) (k) (k. 1)

~ 2
G(K) = exp(—o2Kk2/2) ~ 1 02%

, T'p re
lfJZE C?l> [u]vzullgAu

[u(x, s = (r; lux Oly) = DFT " [(1 - 0%¢/3) GGk, 1) |

3r7 dr,

Acceleration statistics of finite-sized particles in turbulent flow: the role of Faxen forces,
E. Calzavarini, R. Volk, M. Bourgoin, E. Leveque, J.-F. Pinton and F. Toschi,
J.Fluid Mech., 630, 179-189 (2009)
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oc; gooo o 090
Eulerian Lagrangian s
grang
Particles with shape E—
Need Of dlﬁerent reference frameS Dynamics of prolate ellipsoidal particles in a turbulent
channel flow @
1) Lab frame (Or |nert|a|) X — (Qj, y, Z) P. H. Mortensen; H. |. Andersson; J. J. J. Gillissen; B. J. Boersma

W) Check for updates

Physics of Fluids 20, 093302 (2008)

2) PartiCIe frame (Or prinCipaI aXiS) X/ p— (aj/7 y/7 Z/) https://doi.org/10.1063/1.2975209
3) Comoving frame x" = (z",y",2")

Motion of the center of mass

x = Ax" A(eo, e1,e2,e3)  3x3 Orthogonal matrix made of 4 Euler parameters a
quaternion q = (eg, e1, €2, €3)

K, 0 0 "
K'=| 0 k), O K= ATK'A m— = F=uA'’K'A(u-v)

| dt
0 0 k.,
33



Eulerian Lagrangian

Orientational dynamics

d d
—lwp) =T H’a(w;) +w, A (l'w)) =T

Lab frame Particle frame

I=ATT' A T is a diagonal matrix

T' = AT computed from Jeffery Torque model T'(w,,Vu')

Kinematic evolution

dq 1 , - 0 "

— = 5A Ag(wy) 4x4 matrix er | 1| e
)

€r €

HqH — condition to be checked at each time step €3 €3

34
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Dynamics of prolate ellipsoidal particles in a turbulent
channel flow ©
P. H. Mortensen; H. |. Andersson; J. J. J. Gillissen; B. J. Boersma

M) Check for updates

Physics of Fluids 20, 093302 (2008)
https://doi.org/10.1063/1.2975209

€;
—e; —e, —ey 0 e; =
Vo2 + e + e2 + &2

’ 0 1 2 3
€p —€3 € @,

!/
€3 ey — € W, Sy o

: egtejt+e,+e;=1
—82 el eo )
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Du

Eulerian-Lagrangian [+~

Two-way coupling

V=Vr+V,

For the fluid

dV:/ a-ndS—|—/
Se S

0‘ o ndS _|_ / ,Ofgdv Mowmentume ODWSBYVQtLDVb 60[.
Vy

p

Vy)— = — / o -ndS + vapg Eq. Of motion for the particle
S

p

35
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Two-way coupling

1.add the two equatiows

dv
VY ¢ Se V;

D dat

2.add the term / pdeV Ow both sides and use ) — Vi + V)

D d
y Dt S. Vs y, Dt U dt

p
36



u u j;o: O%O ?E(‘;Oog?f:;
Eulerian Lagrangian S
3. Use gauss theorem .p%’z 2% . »
D D d
pff?d\/ LV-0+pfg dV+/V pf(Dl;l g)dv+pp(Vpg—Vpd—z)
D D d
Pfjudv / V-o+prg dV+/ Py D‘; g) + pp(g dZ)dV
v Vp H‘ea\/gside theta fuw&tiow

Du  Du dv /
Pt AV = /V o+ prg dV+/ (5 —8) (g — —)| Ox —x;)dV
% v L

4. assumuwg that the flow gradients are constant over the particle (or assuming pow\,’c liie particles)

Du dv
pf—dV /V o+ prg dV / pi(r —8)+ pp(g— —) | Vpd(x —xp)dV
V L _

AN

DLrac delta fuwctiow

5. Consloer that the volumee V Ls arbi’cmrg —> eq. n differential (Local) form

Squires & Eaton (1990); Elghobashi & Truesdell (1993); Boivin et al. (1998), Mazzitelli (2003)
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Eulerian Lagrangian

O ©
o ©

Single particle feedback on the flow

Du "Du P dv ]V o =—pI+pr(Vu+Vu')
— =V — . 2 —
Many particles
Du 0 av. | V
=i - P P s(x —

Eulerian description

Du Op dv
— | L '
W= o 81, (8~ — )_ Vp n(x,t)  number density
Du Pp dv
= | D, (x,t i
Ap f Dt g py (8 dt) p(X,t)  volume density




Particle-resolved

The real DNS

AVAVAOVAN SN

¥ " VAV R &

% A YV A AV
QX INORIARORVKK ] 7

VAYA ‘ﬁg" ‘Nﬁkﬁ‘%ﬂ ‘Qé é“V‘ Q§ A

R RIS IR

;anmgi ngVA‘b “b:g'
A%ﬁ"hﬁ%
NPOCKEEEE

Body fitted

an point - Eulerian point
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Particle-resolved

Penalisation method

V-u=90 Penalization force

ou 1 S : \ -
Fu-Vu=—-Vp+rvVu X (u — uy) F:&(u—u)

ot P ] ) °

1 if x € Qg (1)

0 otherwise n < 1 penalization factor

Xs (X, t) —

stress integration method to compute force and torque on the particle

]Z'f:/ o -ndS ’Tf:/ r X o-ndS
0 0.

See: Erwan Liberge, Claudine Bé€ghein. A comparison of force computations for modeling
fluid - structure interaction problems with the lattice Boltzmann volume penalisation method.
Discrete and Continuous Dynamical Systems - Series S, 2024, 17, pp.2420 - 2435.
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Qan p - J
Particle-resolved

Immersed Boundary Method

& (body) force
dt
-Vp+uvVu+g dBQ.

F,

A

‘=

g
-
||

ot _ I — - BQ. x (Is8Q.) =S'T.
F(t) = Fio (t) + Fin () Fiot () = —/ g(x,t)dx. Fin(t) = pfi/ u(x, t)dx.
X<Le (L) dt xcQ(t)

Effect of internal mass in the simulation of a moving body by the immerse d
boundary method

Kosuke Suzuki?, Takaji Inamuro *P*

41



lllllll

LLLLLLL

Particle-resolved

Immersed Boundary Method J

Immersed Boundary

, ——  Saiki & Biringen
& ' (1996)
c i ===+ Peskin (1972)
*'“‘*}Eﬁ o 08 Beyer & Leveque
i i B S0 06l (1992)
i ) j E - j Lai & Peskin
 E o 55 04 . (2000)
i 8= 0.0 '
o mel I
o) 5 ,
w -02r =

| i3 =2 i=1 i i+l i+2 i+3
; Grid Indices

Xi(t+ At) and Ui(t+ At)(k=1,...,N) are Lagrangian particle interface marker points

known u(x,t) and p(x,t) —> u;(x,t + At) evolved velocity without the body force

42
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Particle-resolved

Immersed Boundary Method J

How to compute and apply the IB force”? Multi Direct Forcing method | o |
Peskin 1972 weighting function

w Xy, t +At) = w(x,t + AW (X — Xi)(Ax)* W y.2) = w() - w(L) w(E),
X
U — (X, t + At %(B—Zr +\/1+4|r|—4r2), | < 1
gO(Xk7t+At) — ‘ (A: ) W(T){;(SZr\/7+12r4r2), 1< <2
0, otherwise.
N
stepr G(X, t+AL) = g,(Xi,t + AW (X — X )AV, -

k=1

step2 W(X, 6+ At) =u*(X,t + At) + At g, (X, t + At)

Adfter ~5 iterations b.c. are satisfied at

Step 3 Ug(xk, 4+ At) — Z Ug(x, t + At)W(X . xk) (AX)d the Lagmwgiaw poiwts
X

U, —u,( X, t+ At
step+ o (Xio t+ AL = g, (Xi, t+ AL + — f(Af )

43




Auxiliary particle models

Du
F — : dS = —_— 3
]{%‘7 n Fyp Vpthdx
T:]{(X—r)x(a-n)dS TVP:/(X—r)Xp@d?’;C
Sy v, Dt Zero inertia particles P

Real Particles (RP) Virtual Particles (VP) Jeffery fluid tracers (JFT)
r=u(r(t),t),
p=92xp Jeffery(1922)

Q) Q) \4 o %w(r(t),t) +Apx Srt).p

Q Q — 3
ays = — —d°x
\ \ v
1 3
QVA = — Vxudzx
Vo Jv,
Real Particles Fixed Virtual Particles Fixed
: : Volume Averages (VA
Location (RPFL) Location (VPFL) ges (VA)
Numeric_al Experiments Model Equations Dynamics of finite-size spheroids in turbulent flow: the roles of flow structures and particle
Real Particles (RP) NSE + NEE + IBM
1 A A NSE
X(l)raﬁf Pa\ﬁ(&:ﬁf((\}%)) NgE 1 NEE boundary layers, L.lJiang, C. Wang, S. Liu, C. Sun, E. Calzavarini, J. Fluid Mech (2022)
Real Particles with Fixed Locations (RPFL) NSE + EE + IBM 44

Virtual Particles with Fixed Locations (VPFL) NSE + EE
Jeffery Fluid Tracers (JFT) NSE + tracer eq.+ Jeffery eq.



Hands on session

Simulakions ko Ehe PQOF’L@.!

Goal: Everyone can do CFD

e Solve the Navier-Stokes equation in 2D, fully understanding the code
e Simulate inertial particle dispersion

* Visualize and analyze particle clustering

We will use Python (v3) and jupyter notebook

See https://github.com/ecalzavarini/copartcoflow
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NS in Fourier space

"\/_(k) _ F(V(k)) v(k) = FFT (v(k)) O(N log, N) operations
v(x) — v(k) v+ (v V)v=-Vp+vViv+f
5 5 V.-v=0
V& — —k

0V + V x 1kv = —zkp—uk2v+f
k-v=0

(f % g)(t / fgt—rydr  (Froll= Y fimlgn-ml 0w

m=—o0 operations

46



Pseudo-spectral method

Treatment of non-linear and forcing terms

v *ikv = FFT (v - jC]-“T_l(ik\Af)) + dealiasing k; < %kmw

r.h.s. = —v x 1k

*x 1KV +
Ov =r.h.s. 2> vt =) 4 At p.s (W

Explicit Euler
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Pressure gradient

rhs. =V xA+VP
V.(rhs)=V2P < ik -rhs =—kP

Pressure correction step

Gtl) Gt Ap kP

Treatment of viscous dissipation

ov
ot

~(n+1l) &(n ‘
— T2y N v )At (1) TR

Implicit Euler
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