
Sta$s$cal	proper$es	of	spheroids	in	turbulent	

flows:	the	effects	of	size	and	shape

Enrico Calzavarini  
Unité de Mécanique de Lille - Joseph Boussinesq ULR 7512,  

Université de Lille, France 

in collaboration with  

Chao Sun (孙超) & Linfeng Jiang (蒋林峰) 
Tsinghua University, Beijing, China

21/03/2022, Lyon 
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- Recap	on	models,	simulations	and	experiments				

- Interesting	questions	

- A	new	numerical	study	on	large	neutral	(a)spherical	particles	in	turbulence	

- Acceleration	statistics		

- Rotation	statistics	

-		Conclusions	

Exploring	turbulence	through	par3cles:	an	addendum	to	studies	started	@ENSLyon



A	brief	recap:		
Models	for	the	motion	of	a	particle	in	a	flow	(1)
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• Fluid	tracers,	or	the	Lagrangian	point	of	view
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• Small	inertial	particles,	an	equation	with	many	authors	and	many	names	

Stokes	(1851)	
Boussinesq	(1885),	Basset	(1888),	Oseen	(1927)		->		BBO	eq.		
Tchen	(1947),	Corrsin-Lumley(1956)	
Maxey-Riley	(1983),	Gatignol	(1983)	->	MRG		eq.		extension	to	non-uniform	creeping	flows

<latexit sha1_base64="oTkQJQHE6huGPm88Z6+2EcPI84E="></latexit>

mp
dv

dt
= 6⇡µrp(u� v) +mf

Du

Dt
+

mf

2

d(u� v)

dt
+ 6r2p

p
⇡⇢fµ

Z t

0

d(u� v)

d⌧

d⌧p
t� ⌧

+ (mp �mf )g

drag fluid		
acceleration

added		
mass

history buoyancy

<latexit sha1_base64="4wtAntCPHqJ9nlkrHqO1CaEypug=">AAACDnicbVDLSsNAFJ34rPVVdelmsBTqpiRS1I1QdOOygn1AE8pkMmmHTh7M3BRLyBe48VfcuFDErWt3/o3TtAttPXDhcM693HuPGwuuwDS/jZXVtfWNzcJWcXtnd2+/dHDYVlEiKWvRSESy6xLFBA9ZCzgI1o0lI4ErWMcd3Uz9zphJxaPwHiYxcwIyCLnPKQEt9UsVjG1fEpp6qe36+KEfZ1nqQYavMM6VcVaF036pbNbMHHiZWHNSRnM0+6Uv24toErAQqCBK9SwzBiclEjgVLCvaiWIxoSMyYD1NQxIw5aT5OxmuaMXDfiR1hYBz9fdESgKlJoGrOwMCQ7XoTcX/vF4C/qWT8jBOgIV0tshPBIYIT7PBHpeMgphoQqjk+lZMh0SnAzrBog7BWnx5mbTPatZ5rX5XLzeu53EU0DE6QVVkoQvUQLeoiVqIokf0jF7Rm/FkvBjvxsesdcWYzxyhPzA+fwB+qpsh</latexit>

dxp

dt
= v(t)

<latexit sha1_base64="hhk18hvpV4xAjzoqpKNgtZRBTjM="></latexit>

Res =
||ru||(2rp)2

⌫
⌧ 1

<latexit sha1_base64="dvut+QMC0PWIIX7rZjcByH90aSY="></latexit>

Rep =
||u� v||(2rp)

⌫
⌧ 1

<latexit sha1_base64="CqIgrbpmIcY8NNGUUzws3RSy6xQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnshHM0kxiOlQ8ogzaqzk14jqp/1yxa26C5B14uWkAjma/fJXb5CwLEZpmKBadz03NcGUKsOZwFmpl2lMKRvTIXYtlTRGHUwXx87IhVUGJEqULWnIQv09MaWx1pM4tJ0xNSO96s3F/7xuZqKbYMplmhmUbLkoygQxCZl/TgZcITNiYgllittbCRtRRZmx+ZRsCN7qy+ukVat6V9X6Q73SuM3jKMIZnMMleHANDbiHJvjAgMMzvMKbI50X5935WLYWnHzmFP7A+fwBLEeOSA==</latexit>

2rp



4

• Corrections	to	the	point-particle	equation

Finite-size	effect	(Faxén	laws	1922)	

Lift	force	for	light	particles		(Auton	JFM	1987,	inviscid	calculation)	
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Finite-Reynolds	effect	(Shiller-Neumann		1935)	wake	drag	empirical	correlation
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A	brief	recap:		
Models	for	the	motion	of	a	particle	in	a	flow	(2)

• Rigid	body	Newton-Euler	equations

4 L. Jiang and other

where u(x, t) denotes the fluid velocity vector field, p(x, t) is the hydrodynamic pressure,
and the parameters are the kinematic viscosity ⌫ and the reference liquid density ⇢.
The vector field f refers to the external force sustaining the HIT flow. The particle-
free turbulent flow intensity is here identified by a single dimensionless parameter,
the Reynolds number based on the Taylor microscale, Re� = �u

0
/⌫, where u

0 =p
huiuiiv,t/3 is the root-mean-square (r.m.s.) velocity of the turbulent flow (h. . .iv,t

denotes here volume and time average), � =
p

15⌫u02/✏ is the Taylor length scale and
✏ = (⌫/2)⌃i,jh(riuj +rjui)2iv,t is the mean global energy dissipation rate.
The translation and rotation of rigid-body material particle is governed by the Newton-

Euler equations (NEE):

mp
dv

dt
= F+ Fc, (2.3)

dI⌦
dt

= T+Tc, (2.4)

where v(t) = dr/dt and ⌦(t) are the particle velocity and angular velocity vectors of
a particle at position r(t) with mass mp = ⇢pVp (⇢p the particle density and Vp the
volume) and I the moment of inertia tensor. Note that since we consider neutrally
buoyant and homogeneous particles, ⇢p = ⇢, this allows neglecting the buoyancy force in
the particle equation of motion as well any gravity-induced torque. Hence F and T in
(2.3)-(2.4) denote here the hydrodynamic force and torque acting on the particle, which
are formally written as:

F =

I

Sp

� · n dS (2.5)

T =

I

Sp

(x� r)⇥ (� · n) dS, (2.6)

where � = �pI+⇢⌫(ru+ruT ) is the fluid stress tensor, x�r the position vector relative
to the particle center and n the outward-pointing normal to the particle surface Sp.
While Fc and Tc are the additional impulsive forces and torques related to the particle-
particle collisions (the so-called four-way interaction).The two-way coupling, meaning
the coupling between the fluid and the particles is provided by the requirement of no-slip
boundary condition on the particle surfaces (see below for its numerical implementation).

For an axisymmetric particle with symmetry axis identified by a unit vector p, as
the ones we consider in this study, the angular velocity ⌦ can be decomposed into the
tumbling rotation rate, ṗ = ⌦ ⇥ p, the spinning rotation rate, ⌦s = (⌦ · p)p (Voth &
Soldati 2017). These will be key quantities in our analysis of particle angular dynamics.
Similarly, it will reveal useful in our analysis to distinguish between axial and lateral
accelerations, a = dv/dt, denoted ak = (a ·p)p and a? = a⇥p respectively. The shape
of an axisymmetric spheroid is characterized by the aspect ratio, ↵ = l/d, where l and
d are the sizes of the symmetry axis and of the one perpendicular to it. We will use the
volume equivalent diameter Dv = (d2l)1/3 = d ↵

1/3 as a parameter to compare the size
of particles with di↵erent shapes.

On the computational side: the NSE turbulent dynamics is here numerically simulated
by means of a Lattice Boltzmann Method (LBM) code, the ch4-project (Calzavarini
2019) which has been already extensively employed in studies of Lagrangian tracers and
point-like particle dynamics in turbulence (Mathai et al. 2016; Calzavarini et al. 2020;
Jiang et al. 2020, 2021). The code uses a tri-linear scheme for the Lagrangian-Eulerian
frame interpolations. The computational domain is cubic with equispaced grid sizes, 1283
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in	drag	,	history in	fluid	acceleration	,	added	mass
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• Point-particle	model	&	experiments
R.	Volk	et	al.		Physica	D	(2008)
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A	brief	recap:		
Acceleration	statistics	in	numerics	and	experiments	(1)

Temporal	correlationVariance	(a0)

EXP

DNS

Probability	density	function	

DNS

tracer	
d	=	1.8	η

neutral	
d=15	η



6

• Faxén-finite-size	model	&	experiments
<latexit sha1_base64="/4n71CdmV9uBUDrNrP8F0X7uUl4="></latexit>

dv

dt
= �


Du

Dt

�

V

+
1

⌧p
([u]S � v)

Variance Temporal	correlation PDF	and	flatness

EC,	Volk,	Bourgoin,	Leveque,	Pinton,	Toschi	JFM	(2009)

A	brief	recap:		
Acceleration	statistics	in	numerics	and	experiments	(2)
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The	coarse	grained	turbulence	hypothesis			
<latexit sha1_base64="vhcPQNJ/+tW42pcbZg6HX+t0b5s="></latexit>

Fa(D) =
ha(D)4i
ha(D)2i2 ⇠ D⇣8�2⇣4<0
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• Von	Karman	flow	experiments	(large	Re)

Variance Temporal	correlation PDF	and	flatness

A	brief	recap:		
Acceleration	statistics	in	numerics	and	experiments	(3)

Volk,	EC,	Leveque,	Pinton	JFM	(2011)

<latexit sha1_base64="3F1hNTP1SmJLdP3KM9AY6rBbirI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiRT0W7cFjBfsBTQib7bZdutmE3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0w4U9pxvq3CxubW9k5xt7S3f3B4ZB+ftFWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTju/nfmdCpWKxeNLThPoRHgo2YARrIwW27WmcBrjSuESeYhFqBHbZqToLoHXi5qQMOZqB/eX1Y5JGVGjCsVI910m0n2GpGeF0VvJSRRNMxnhIe4YKHFHlZ4vLZ+jCKH00iKUpodFC/T2R4UipaRSazgjrkVr15uJ/Xi/Vg1s/YyJJNRVkuWiQcqRjNI8B9ZmkRPOpIZhIZm5FZIQlJtqEVTIhuKsvr5P2VdW9rtYea+X6XR5HEc7gHCrgwg3U4QGa0AICE3iGV3izMuvFerc+lq0FK585hT+wPn8AyaeSeA==</latexit>

⌧a(D) ⇠ D
<latexit sha1_base64="9h843i9f+9970UtkoM3ObGkNqCo=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSGRUl0WLeKygn1AE8NkOm2HTh7MTIQS8gVu/BU3LhRx69qdf+OkzUJbD8xwOOde7r3HixgV0jS/tZXVtfWNzcJWcXtnd29fPzjsiDDmmLRxyELe85AgjAakLalkpBdxgnyPka43ucr87gPhgobBnZxGxPHRKKBDipFUkquXbR/JMUYsuU5dVGlWoS2oD5v3yalp1GBF/fVq6uol0zBngMvEykkJ5Gi5+pc9CHHsk0BihoToW2YknQRxSTEjadGOBYkQnqAR6SsaIJ8IJ5mdk8KyUgZwGHL1Agln6u+OBPlCTH1PVWbLi0UvE//z+rEcXjgJDaJYkgDPBw1jBmUIs2zggHKCJZsqgjCnaleIx4gjLFWCRRWCtXjyMumcGVbdqN3WSo3LPI4COAYnoAIscA4a4Aa0QBtg8AiewSt40560F+1d+5iXrmh5zxH4A+3zB8pJmV8=</latexit>

Fa(D) ⇠ D�0.4(�0.6)

1
2/3

<latexit sha1_base64="ipulEIPxvKs7b1CPmYZfUaJ28y8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiCVgSipKuhYQQfGItGH1KSV4zqtVceJbAepivoDLPwKCwMIsbKz8Te4bQYoHOlKx+fcK997/JhRqWz7y8itrK6tb+Q3C1vbO7t75v5BS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr++Hrmt++JkDTid2oSEy9EQ04DipHSUt88cRniQ0YgKtXPemVXLF6upCGs99Jz26o6075ZtC17DviXOBkpggyNvvnpDiKchIQrzJCUXceOlZcioShmZFpwE0lihMdoSLqachQS6aXza6bwVCsDGERCF1dwrv6cSFEo5ST0dWeI1EguezPxP6+bqKDqpZTHiSIcLz4KEgZVBGfRwAEVBCs20QRhQfWuEI+QQFjpAAs6BGf55L+kVbacC6tyWynWrrI48uAIHIMScMAlqIEb0ABNgMEDeAIv4NV4NJ6NN+N90ZozsplD8AvGxzde85nZ</latexit>

ha(D)2i ⇠ D�0.81
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• 	Fully	resolved	simulations	(low	Re)	 Homann	&	Bec	JFM	2010
<latexit sha1_base64="sOwdm87uvtxyni4c7wX2jhxLN9E=">AAAB/HicbVDLSsNAFJ34rPEV7dLNYBFclaQWdSMU3bisYh/QhjCZTNqhk0mYmQgh1F9x40IRt36IO//GSZuFth4YOJxzD/fO8RNGpbLtb2NldW19Y7OyZW7v7O7tWweHXRmnApMOjlks+j6ShFFOOooqRvqJICjyGen5k5vC7z0SIWnMH1SWEDdCI05DipHSkmdVzXvi5UOmEwGawit41jA9q2bX7RngMnFKUgMl2p71NQxinEaEK8yQlAPHTpSbI6EoZmRqDlNJEoQnaEQGmnIUEenms+On8EQrAQxjoR9XcKb+TuQokjKLfD0ZITWWi14h/ucNUhVeujnlSaoIx/NFYcqgimHRBAyoIFixTBOEBdW3QjxGAmGl+ypKcBa/vEy6jbpzXm/eNWut67KOCjgCx+AUOOACtMAtaIMOwCADz+AVvBlPxovxbnzMR1eMMlMFf2B8/gA3h5Mz</latexit>

Re� = 32

A	brief	recap:		
Acceleration	statistics	in	numerics	and	experiments	(4)

Variance Temporal	correlation PDF	and	flatness

	Uhlmann	&	Chouippe		JFM	2017	->	par$cle	preferen$al	concentra$on

Cisse,	Homann	&	Bec	JFM	2013	->	slipping	mo$on	and	par$cle	boundary	layer

<latexit sha1_base64="yQJFlGlw06X+GmusMWdEiA2q1ts=">AAACDHicbVDNTgIxGOziH+If6tFLIzHBg7iLRD0S5eARE/lJ2IV0Sxca2u6m7ZqQDQ/gxVfx4kFjvPoA3nwbC+xB0UmaTGfmS/uNHzGqtG1/WZml5ZXVtex6bmNza3snv7vXVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfXU/91j2RiobiTo8j4nE0EDSgGGkj9fIFlyExYASiYu24W3bl/OYqymGtm5xUTs8mJmWX7BngX+KkpABS1Hv5T7cf4pgToTFDSnUcO9JegqSmmJFJzo0ViRAeoQHpGCoQJ8pLZstM4JFR+jAIpTlCw5n6cyJBXKkx902SIz1Ui95U/M/rxDq49BIqolgTgecPBTGDOoTTZmCfSoI1GxuCsKTmrxAPkURYm/5ypgRnceW/pFkuOeelym2lUL1K68iCA3AIisABF6AKbkAdNAAGD+AJvIBX69F6tt6s93k0Y6Uz++AXrI9v5CKZng==</latexit>

ha(D)2i ⇠ D�4/3
<latexit sha1_base64="mL+ugOEwy0/mSFwPan4LkZSK9+c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQNyGRoi6LirisYB/QhDCZTtqhk0mYmQgldOXGX3HjQhG3foM7/8ZJm4W2HrhwOOde7r0nSBiVyra/jdLS8srqWnm9srG5tb1j7u61ZZwKTFo4ZrHoBkgSRjlpKaoY6SaCoChgpBOMrnK/80CEpDG/V+OEeBEacBpSjJSWfPPQjZAaYsSym4mPatcn0JU0gjjmUlnQN6u2ZU8BF4lTkCoo0PTNL7cf4zQiXGGGpOw5dqK8DAlFMSOTiptKkiA8QgPS05SjiEgvm74xgcda6cMwFrq4glP190SGIinHUaA786PlvJeL/3m9VIUXXkZ5kirC8WxRmDKoYphnAvtUEKzYWBOEBdW3QjxEAmGlk6voEJz5lxdJ+9Ryzqz6Xb3auCziKIMDcARqwAHnoAFuQRO0AAaP4Bm8gjfjyXgx3o2PWWvJKGb2wR8Ynz+sCZf5</latexit>

Fa(D) ⇠ const.
<latexit sha1_base64="d29QzkyT0Ra2eEV2VPM6s+WwEOE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYmtajLol24rGAf0MQwmU7aoTNJmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv997jx4xKZVnfRm5peWV1Lb9e2Njc2t4xd/daMkoEJk0csUh0fCQJoyFpKqoY6cSCIO4z0vaH1xO//UCEpFF4p0YxcTnqhzSgGCkteeaBo1DioVL9BDqScli/TyunZ2PPLFplawq4SOyMFEGGhmd+Ob0IJ5yECjMkZde2YuWmSCiKGRkXnESSGOEh6pOupiHiRLrp9P4xPNZKDwaR0BUqOFV/T6SISznivu7kSA3kvDcR//O6iQou3ZSGcaJIiGeLgoRBFcFJGLBHBcGKjTRBWFB9K8QDJBBWOrKCDsGef3mRtCpl+7xcva0Wa1dZHHlwCI5ACdjgAtTADWiAJsDgETyDV/BmPBkvxrvxMWvNGdnMPvgD4/MHszCUng==</latexit>

⌧a(D) ⇠ D2/3



Interesting	questions	

9

• Do	finite-sized	particles	experience	coarse-grained	turbulent	flow	accelerations?	
<latexit sha1_base64="0vxZTA3AT1neHC+KxuN4W6rmdfM="></latexit>

a(D) ⇠ �Dp

D
⇠ (�Du)2

D
⇠ D�1/3

<latexit sha1_base64="WGiiyyHaEFwD30vSL3JL5yXYGgI=">AAACGXicbVDJSgNBEO1xjXGLevTSGAS9xJko6lE0B48RTCJk4lDT6Uma9Cx01whhmN/w4q948aCIRz35N3aWg9uDgsd7VVTV8xMpNNr2pzUzOze/sFhYKi6vrK6tlzY2mzpOFeMNFstY3figuRQRb6BAyW8SxSH0JW/5g4uR37rjSos4usZhwjsh9CIRCAZoJK9kuwipB3u1fepqEVI3UMCyWp65XS4RvBpN84lTu82qB4e5VyrbFXsM+pc4U1ImU9S90rvbjVka8giZBK3bjp1gJwOFgkmeF91U8wTYAHq8bWgEIdedbPxZTneN0qVBrExFSMfq94kMQq2HoW86Q8C+/u2NxP+8dorBaScTUZIij9hkUZBKijEdxUS7QnGGcmgIMCXMrZT1wWSDJsyiCcH5/fJf0qxWnOPK0dVR+ex8GkeBbJMdskccckLOyCWpkwZh5J48kmfyYj1YT9ar9TZpnbGmM1vkB6yPL2w1n1E=</latexit>

⌧a(D) ⇠ D

�Du
⇠ D2/3

• What	is	the	effect	of	particle	anisotropy	(shape)?	

Small	anisotropic	particles	align	with	flow	structures:	For	large	particles	is	a	

randomization	of	rotations	to	be	expected?		

• What	do	we	learn	of	turbulence	when	we	look	to	a	moving	particle?

	or	does	particle-flow	coupling	create	specific	statistical	signatures?

<latexit sha1_base64="Pw86D8igyPFzhMDw846J9JY5yco="></latexit>

⌦(D) ⇠ 1

⌧(D)
⇠ �Du

D
⇠ D�2/3

• How	is	the	particle	finite-size	reflected	on	particle	rotations?

<latexit sha1_base64="+9+kB7Uj7b0ajMDqB2ZBLWtEbyo=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoi5aZUrTLokVcVrAP6NThTpq2oZkHSUaoQ7/Cjb/ixoUibsWdf2P6WGjrgcDhnHu5OceLOJPKsr6N1Mrq2vpGejOztb2zu2fuHzRkGAtC6yTkoWh5IClnAa0rpjhtRYKC73Ha9IaXE795T4VkYXCrRhHt+NAPWI8RUFpyzbzjgxoQ4MnV2IVc9RQ7kvm4epc4D1SBW8Z5XJzREh67ZtYqWFPgZWLPSRbNUXPNL6cbktingSIcpGzbVqQ6CQjFCKfjjBNLGgEZQp+2NQ3Ap7KTTGON8YlWurgXCv0Chafq740EfClHvqcnJyHkojcR//PaseqVOwkLoljRgMwO9WKOVYgnHeEuE5QoPtIEiGD6r5gMQABRusmMLsFejLxMGsWCfVYo3ZSylYt5HWl0hI5RDtnoHFXQNaqhOiLoET2jV/RmPBkvxrvxMRtNGfOdQ/QHxucPo/Sdxw==</latexit>

Fa(D) ⇠ D⇣8�2⇣4
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4 L. Jiang and other

where u(x, t) denotes the fluid velocity vector field, p(x, t) is the hydrodynamic pressure,
and the parameters are the kinematic viscosity ⌫ and the reference liquid density ⇢.
The vector field f refers to the external force sustaining the HIT flow. The particle-
free turbulent flow intensity is here identified by a single dimensionless parameter,
the Reynolds number based on the Taylor microscale, Re� = �u

0
/⌫, where u

0 =p
huiuiiv,t/3 is the root-mean-square (r.m.s.) velocity of the turbulent flow (h. . .iv,t

denotes here volume and time average), � =
p

15⌫u02/✏ is the Taylor length scale and
✏ = (⌫/2)⌃i,jh(riuj +rjui)2iv,t is the mean global energy dissipation rate.
The translation and rotation of rigid-body material particle is governed by the Newton-

Euler equations (NEE):

mp
dv

dt
= F+ Fc, (2.3)

dI⌦
dt

= T+Tc, (2.4)

where v(t) = dr/dt and ⌦(t) are the particle velocity and angular velocity vectors of
a particle at position r(t) with mass mp = ⇢pVp (⇢p the particle density and Vp the
volume) and I the moment of inertia tensor. Note that since we consider neutrally
buoyant and homogeneous particles, ⇢p = ⇢, this allows neglecting the buoyancy force in
the particle equation of motion as well any gravity-induced torque. Hence F and T in
(2.3)-(2.4) denote here the hydrodynamic force and torque acting on the particle, which
are formally written as:

F =

I

Sp

� · n dS (2.5)

T =

I

Sp

(x� r)⇥ (� · n) dS, (2.6)

where � = �pI+⇢⌫(ru+ruT ) is the fluid stress tensor, x�r the position vector relative
to the particle center and n the outward-pointing normal to the particle surface Sp.
While Fc and Tc are the additional impulsive forces and torques related to the particle-
particle collisions (the so-called four-way interaction).The two-way coupling, meaning
the coupling between the fluid and the particles is provided by the requirement of no-slip
boundary condition on the particle surfaces (see below for its numerical implementation).

For an axisymmetric particle with symmetry axis identified by a unit vector p, as
the ones we consider in this study, the angular velocity ⌦ can be decomposed into the
tumbling rotation rate, ṗ = ⌦ ⇥ p, the spinning rotation rate, ⌦s = (⌦ · p)p (Voth &
Soldati 2017). These will be key quantities in our analysis of particle angular dynamics.
Similarly, it will reveal useful in our analysis to distinguish between axial and lateral
accelerations, a = dv/dt, denoted ak = (a ·p)p and a? = a⇥p respectively. The shape
of an axisymmetric spheroid is characterized by the aspect ratio, ↵ = l/d, where l and
d are the sizes of the symmetry axis and of the one perpendicular to it. We will use the
volume equivalent diameter Dv = (d2l)1/3 = d ↵

1/3 as a parameter to compare the size
of particles with di↵erent shapes.

On the computational side: the NSE turbulent dynamics is here numerically simulated
by means of a Lattice Boltzmann Method (LBM) code, the ch4-project (Calzavarini
2019) which has been already extensively employed in studies of Lagrangian tracers and
point-like particle dynamics in turbulence (Mathai et al. 2016; Calzavarini et al. 2020;
Jiang et al. 2020, 2021). The code uses a tri-linear scheme for the Lagrangian-Eulerian
frame interpolations. The computational domain is cubic with equispaced grid sizes, 1283
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A	new	numerical	study

Newton-	Euler	equa$ons	(NEE)	

Real	Particles

Dynamics of finite-size spheroids in turbulent flow 3

N3 ⌘/�x ⌧⌘/�t L/⌘ TL/⌧⌘ �/⌘ Re�
5123 1.5 230 175 47 22 120

Table 1. Parameter of the NSE numerical simulations and relevant turbulence scales. N3:
number of spatial grid points, ⌘ = (⌫3/✏)1/4: Kolmogorov dissipation length scale in grid space
units �x, ⌧⌘: Kolmogorov time scale in time-step units �t, L = u03/✏: integral scale, TL = L/u0:
large-eddy turnover time, � = (15⌫u0/✏)1/2: Taylor micro-scale, Re�: Taylor-Reynolds number.
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1/2 25 50.1 39.8
1/2 39.7 79.4 63

1 10.2 10.2 10.2
1 19.7 19.7 19.7
1 39.8 39.8 39.8
1 63 63 63

2 25.1 12.5 15.8
2 39.8 19.9 25.1
2 63.2 31.6 39.8
2 100 50 63

4 39.8 9.95 15.8
4 63.25 15.8 25.1
4 100.3 25.1 39.8
4 158.75 39.7 63

Figure 1. Parameter space of particle shapes and sizes in turbulent scale units at
Re� = 120. The symbols indicate the numerically simulated particle types. All particles are
axisymmetric of diameter d and length l, aspect ratio ↵ = l/d, with ↵ = 1/2, 1, 2, 4, the
volume-equivalent-diameter is Dv = (ld2)1/3. The lengths are here all expressed in terms
of the dissipative scale ⌘. The Taylor micro-scale � (dashed lines) and the integral scale L
(dashed-dotted lines) are also reported.

2. Methods

We first describe the basic physical model system and the equation of motion ruling
the dynamics of particles in a fluid flow. The numerical methods adopted and details on
their implementations are very briefly outlined.

2.1. The particles in turbulence model system and its numerical implementation

The fluid flow by which particles are transported is modeled by the incompressible
Navier-Stokes equations (NSE) driven by an external random large-scale statistically
homogeneous and isotropic force with constant in-time global energy input. This reads:

@tu+ u ·ru = �⇢
�1rp+ ⌫ r2u+ f, (2.1)

r · u = 0, (2.2)

Navier-Stokes	equa$ons

+	no-slip	bc	at	particle	interface

L.	Jiang	et	al.	JFM	(2022)	
https://arxiv.org/abs/2202.03937

Code:		
hnps://github.com/ecalzavarini/ch4-project	

Methods	:		
Lapce	Boltzmann	+		
Immersed	boundaries

https://arxiv.org/abs/2202.03937
https://github.com/ecalzavarini/ch4-project
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are:

FV P = ⇢Vp

⌧
Du

Dt

�v

⌘
Z

Vp

⇢
Du

Dt
d
3
x (2.9)

TV P = Vp

⌧
dL

dt

�v

⌘
Z

Vp

(x� r)⇥ ⇢
Du

Dt
d
3
x (2.10)

where Du/Dt is the fluid acceleration, L is the angular momentum, and hiv denotes the
average over the fluid volume of the virtual particle.
In the fourth numerical experiment, we adopt real particles with fixed locations

(RPFL). We fix the spatial position of the real particles and only evolve the rotation
by solving the Eq. (2.4). In this case, the IBM is still implemented and the particles are
two-way coupled with the flow, as shown in Figure 2b.
The fifth numerical experiment contains the virtual particles with fixed locations

(VPFL), as shown in Figure 2d. We fixed the location of VP in the turbulence and
only evolve the rotation by solving the Eq. (2.4). No feedback on the flow is imposed and
the rotation of VPFL is driven by the time derivative of the angular momentum of the
fluid inside the virtual particles.
Finally, to better contrast the dynamics of finite-size particles with respect to sub-

Kolmogorov scale particles, we carry out a sixth numerical experiment with point-like
spheroidal tracers, as shown in Figure 2e. The governing equations for the point-like
spheroidal tracers with position, r(t), and orientation, p(t), are given by

ṙ = u(r(t), t), (2.11)

ṗ = ⌦ ⇥ p (2.12)

⌦ =
1

2
!(r(t), t) + ⇤ p⇥ S(r(t), t)p (2.13)

Here, u(r(t), t) is the fluid velocity at the particle position at time t. The vector
!(r(t), t) = r ⇥ u is the fluid vorticity and S = (ru + ruT )/2 is the strain-rate

matrix of the fluid velocity gradient tensor, ru, at the particle position, and ⇤ = ↵2�1
↵2+1

is the shape parameter of particles. The equations of rotation Eq. (2.12)(2.13), called the
Je↵ery angular equations (Je↵ery 1922; Byron et al. 2015), have been extensively used for
the study of the dynamics of tiny spheroidal tracers (Parsa et al. 2012; Gustavsson et al.
2014; Calzavarini et al. 2020; Jiang et al. 2021, 2020). The aspect ratios of the point-
like spheroidal tracers (hereafter called Je↵ery tracers) are chosen equal to the ones of
RP. For each aspect ratio, we seed 105 Je↵ery tracers in the flow to have converged
statistics. The numerical condition of the flow is identical to the simulation of RP. We
use hitracer to denote the temporal and ensemble average of Je↵ery tracers. Note that
the translational dynamics of the particles is the one of perfect Lagrangian tracers, Eq.
(2.11), independently of their geometric aspect ratio (i.e. the drag force is here neglected).
For this reason, we denote the particles as Je↵ery fluid tracers (JFT). For better clarity
all the model systems described above are summarized in Table 2.

3. Results

3.1. Particle trajectories and fields visualizations

In Figure 3a a visualization example of the trajectory of a spheroid with ↵ = 2 and
an equivalent diameter Dv = 25⌘ over a relatively short time span, ⇠ 40 dissipative
times (⌧⌘), obtained from the simulation. The energy dissipation rate field in the fluid,
✏, is represented in colour over planes intersecting the spheroid. Such a quantity that
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n. Numerical Experiments Model Equations

1 Real Particles (RP) NSE + NEE + IBM
2 Volume Averages (VA) NSE
3 Virtual Particles (VP) NSE + NEE
4 Real Particles with Fixed Locations (RPFL) NSE + EE + IBM
5 Virtual Particles with Fixed Locations (VPFL) NSE + EE
6 Je↵ery Fluid Tracers (JFT) NSE + tracer eq.+ Je↵ery eq.

Table 2. Summary of the six performed numerical experiments with the corresponding involved
dynamical equations: Navier-Stokes equation (NSE) (2.1)-(2.2), Newton-Euler equation (NEE)
(2.3)-(2.4); Euler equation (EE) (2.4) only rotation for particles with fixed location; No-slip
boundary conditions (i.e. two-way coupling) at particle-fluid interface implemented via the
immersed boundary method (IBM); tracer equation (2.11), Je↵ery equation (2.12)-(2.13).

Figure 3. (a) Example of trajectory for a spheroid with an equivalent diameter Dv ⇡ 25 ⌘
and aspect ratio ↵ = 2 at Re� = 120. The slices show the local dissipation rate ✏x,t, normalized
by ✏, at the planes through the spheroid center at time t = 0, 8.7, 17.4, 26.1, 39.1 in ⌧⌘. (b)
Azimuthally and temporally averaged dissipation rate ✏, normalized by ✏, around the spheroid
with a diameter Dv ⇡ 25 ⌘ and aspect ratio ↵ = 2 at Re� = 120. The black line denotes
the contour line of log10(✏/✏) = 0. (c) Azimuthally and temporally averaged square of u � v,
normalized by the mean square of u, around the spheroid with diameter Dv = 25 ⌘ and aspect
ratio ↵ = 2 at Re� = 120. The black line denotes the contour line of (u� v)2/hu2iv,t = 1. xp

and yp represent the coordinates in the particle frame.

depends on the square of velocity gradients allows to foreground the e↵ect the fluid-
particle coupling. We observe that just a thin layer of large dissipation appears around
the particle (see the zoom-in region of the slice at t1 = 8.7⌧⌘), while no wakes are observed
at larger distances. This mild e↵ect induced by the particle presence in the flow is better
quantified by computing temporal fluid averages in the vicinity of the particle. This
is numerically performed by seeding the flow with point-like Lagrangian probes whose
positions are fixed in the particle frame of reference. Figure 3b shows the temporally and
azimuthally averaged local dissipation rate around the spheroid (↵ = 2 and Dv/⌘ = 25).
It appears that the dissipation rate close to the particle is enhanced by one order of
magnitude with respect to the far-field value, furthermore such an increase is uniformly
distributed around the particle. Indeed, the contour line in the figure (black colour)
marking where the particle influence reaches a saturation, indicates that the finite-size
particle modifies the flow over the spheroidal region of about 1.5 times of the linear size
of the particle. Similar results for finite-size spheres have been observed in turbulence
at Re� = 160 (Cisse et al. 2013). The presence of the particle significantly modifies
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where u(x, t) denotes the fluid velocity vector field, p(x, t) is the hydrodynamic pressure,
and the parameters are the kinematic viscosity ⌫ and the reference liquid density ⇢.
The vector field f refers to the external force sustaining the HIT flow. The particle-
free turbulent flow intensity is here identified by a single dimensionless parameter,
the Reynolds number based on the Taylor microscale, Re� = �u

0
/⌫, where u

0 =p
huiuiiv,t/3 is the root-mean-square (r.m.s.) velocity of the turbulent flow (h. . .iv,t

denotes here volume and time average), � =
p

15⌫u02/✏ is the Taylor length scale and
✏ = (⌫/2)⌃i,jh(riuj +rjui)2iv,t is the mean global energy dissipation rate.
The translation and rotation of rigid-body material particle is governed by the Newton-

Euler equations (NEE):

mp
dv

dt
= F+ Fc, (2.3)

dI⌦
dt

= T+Tc, (2.4)

where v(t) = dr/dt and ⌦(t) are the particle velocity and angular velocity vectors of
a particle at position r(t) with mass mp = ⇢pVp (⇢p the particle density and Vp the
volume) and I the moment of inertia tensor. Note that since we consider neutrally
buoyant and homogeneous particles, ⇢p = ⇢, this allows neglecting the buoyancy force in
the particle equation of motion as well any gravity-induced torque. Hence F and T in
(2.3)-(2.4) denote here the hydrodynamic force and torque acting on the particle, which
are formally written as:

F =

I

Sp

� · n dS (2.5)

T =

I

Sp

(x� r)⇥ (� · n) dS, (2.6)

where � = �pI+⇢⌫(ru+ruT ) is the fluid stress tensor, x�r the position vector relative
to the particle center and n the outward-pointing normal to the particle surface Sp.
While Fc and Tc are the additional impulsive forces and torques related to the particle-
particle collisions (the so-called four-way interaction).The two-way coupling, meaning
the coupling between the fluid and the particles is provided by the requirement of no-slip
boundary condition on the particle surfaces (see below for its numerical implementation).

For an axisymmetric particle with symmetry axis identified by a unit vector p, as
the ones we consider in this study, the angular velocity ⌦ can be decomposed into the
tumbling rotation rate, ṗ = ⌦ ⇥ p, the spinning rotation rate, ⌦s = (⌦ · p)p (Voth &
Soldati 2017). These will be key quantities in our analysis of particle angular dynamics.
Similarly, it will reveal useful in our analysis to distinguish between axial and lateral
accelerations, a = dv/dt, denoted ak = (a ·p)p and a? = a⇥p respectively. The shape
of an axisymmetric spheroid is characterized by the aspect ratio, ↵ = l/d, where l and
d are the sizes of the symmetry axis and of the one perpendicular to it. We will use the
volume equivalent diameter Dv = (d2l)1/3 = d ↵

1/3 as a parameter to compare the size
of particles with di↵erent shapes.

On the computational side: the NSE turbulent dynamics is here numerically simulated
by means of a Lattice Boltzmann Method (LBM) code, the ch4-project (Calzavarini
2019) which has been already extensively employed in studies of Lagrangian tracers and
point-like particle dynamics in turbulence (Mathai et al. 2016; Calzavarini et al. 2020;
Jiang et al. 2020, 2021). The code uses a tri-linear scheme for the Lagrangian-Eulerian
frame interpolations. The computational domain is cubic with equispaced grid sizes, 1283
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are:

FV P = ⇢Vp

⌧
Du

Dt

�v

⌘
Z

Vp

⇢
Du

Dt
d
3
x (2.9)

TV P = Vp

⌧
dL

dt

�v

⌘
Z

Vp

(x� r)⇥ ⇢
Du

Dt
d
3
x (2.10)

where Du/Dt is the fluid acceleration, L is the angular momentum, and hiv denotes the
average over the fluid volume of the virtual particle.
In the fourth numerical experiment, we adopt real particles with fixed locations

(RPFL). We fix the spatial position of the real particles and only evolve the rotation
by solving the Eq. (2.4). In this case, the IBM is still implemented and the particles are
two-way coupled with the flow, as shown in Figure 2b.
The fifth numerical experiment contains the virtual particles with fixed locations

(VPFL), as shown in Figure 2d. We fixed the location of VP in the turbulence and
only evolve the rotation by solving the Eq. (2.4). No feedback on the flow is imposed and
the rotation of VPFL is driven by the time derivative of the angular momentum of the
fluid inside the virtual particles.
Finally, to better contrast the dynamics of finite-size particles with respect to sub-

Kolmogorov scale particles, we carry out a sixth numerical experiment with point-like
spheroidal tracers, as shown in Figure 2e. The governing equations for the point-like
spheroidal tracers with position, r(t), and orientation, p(t), are given by

ṙ = u(r(t), t), (2.11)

ṗ = ⌦ ⇥ p (2.12)

⌦ =
1

2
!(r(t), t) + ⇤ p⇥ S(r(t), t)p (2.13)

Here, u(r(t), t) is the fluid velocity at the particle position at time t. The vector
!(r(t), t) = r ⇥ u is the fluid vorticity and S = (ru + ruT )/2 is the strain-rate

matrix of the fluid velocity gradient tensor, ru, at the particle position, and ⇤ = ↵2�1
↵2+1

is the shape parameter of particles. The equations of rotation Eq. (2.12)(2.13), called the
Je↵ery angular equations (Je↵ery 1922; Byron et al. 2015), have been extensively used for
the study of the dynamics of tiny spheroidal tracers (Parsa et al. 2012; Gustavsson et al.
2014; Calzavarini et al. 2020; Jiang et al. 2021, 2020). The aspect ratios of the point-
like spheroidal tracers (hereafter called Je↵ery tracers) are chosen equal to the ones of
RP. For each aspect ratio, we seed 105 Je↵ery tracers in the flow to have converged
statistics. The numerical condition of the flow is identical to the simulation of RP. We
use hitracer to denote the temporal and ensemble average of Je↵ery tracers. Note that
the translational dynamics of the particles is the one of perfect Lagrangian tracers, Eq.
(2.11), independently of their geometric aspect ratio (i.e. the drag force is here neglected).
For this reason, we denote the particles as Je↵ery fluid tracers (JFT). For better clarity
all the model systems described above are summarized in Table 2.

3. Results

3.1. Particle trajectories and fields visualizations

In Figure 3a a visualization example of the trajectory of a spheroid with ↵ = 2 and
an equivalent diameter Dv = 25⌘ over a relatively short time span, ⇠ 40 dissipative
times (⌧⌘), obtained from the simulation. The energy dissipation rate field in the fluid,
✏, is represented in colour over planes intersecting the spheroid. Such a quantity that

p
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Figure 4. (a) Normalized single component acceleration variance as a function of the normalized
particle size Dv/⌘ at Re� = 120 for real particles (RP: solid symbols) and volume averages (VA:
open symbols). The dashed lines are the fitting lines for spheres of RP (exponent�1.0±0.1). Inset
in (a) shows the ratio of acceleration variance of VA to acceleration variance of RP, ha2

i iV A/ha2
i i,

as a function of Dv/⌘. (b) Normalized componentwise acceleration variance as a function of the
normalized particle size Dv/⌘ at Re� = 120 for real particles (RP: solid symbols) and virtual
particles (VP: open symbols). The dashed lines are the fitting lines for spheres of RP. Inset in
(b) shows the ratio of acceleration variance of VP to acceleration variance of RP, ha2

i iV P /ha2
i i,

as a function of Dv/⌘. (c) The ratio of axial variance h(a · p)2i to lateral variance h|a⇥ p|2i of
particle acceleration as a function of aspect ratio at Re� = 120 for RP (triangles), VA (square),
and VP (circles), respectively. The black dash-dot line denotes the results of Je↵ery tracers. The
color represents the normalized particle size Dv/⌘ in the logarithmic scale.

accelerations fluctuations of VP particles is closer to the ones of RP particles (see insets in
Figure 4(a and b) where their ratio is plotted). Note that the acceleration variances of VA
and VP represent respectively the volume averaging of the fluid flow acceleration in the
fixed frame (Eulerian perspective) and in an advected frame (Lagrangian perspective).
Therefore, these results stress that the scaling behaviour of the translational dynamics
is dominated by the volume averaging instead of other surface forces such as e.g. the
drag. However, an interesting question is: Why VP are capable to better approximate
the statistics of real particles than VA? This might be due to preferential sampling of fluid
structures along their Lagrangian trajectories, a fact that we tend to exclude because we
know that these particles do not form clusters, or this might come from a preferential
orientation in space (that is dynamical for the RP and VP cases while absent for VA).
This is at odds with the expectations that particles of sizes well into the inertial range,
shall become randomly oriented due to the averaging of turbulent fluid fluctuations that
results from the spatial volume filtering.

In order to understand if any correlation exists between the particle acceleration and
its orientation, we look at the ratio of the particle axial acceleration variance h(a ·p)2i to
the lateral acceleration variance h|a⇥ p|2i as a function of their aspect ratio, Figure 4c.
For spherical particles (↵ = 1), no preferential alignment is expected between a and p,
even for various sizes, due to the full rotational symmetry of the body shape. For the non-
spherical case, a value of the ratio di↵erent from 0.5 marks the existence of preferential
orientation.

We find that the oblate particles preferentially align with their acceleration (h(a ·
p)2i/h|a⇥ p|2i > 0.5) and the prolate particles are predominantly perpendicular to the
acceleration (h(a · p)2i/h|a ⇥ p|2i < 0.5). It also turns out that the alignment of large
particles is identical to that of Je↵ery fluid tracers (JFT), which indicates that the align-
ment is insensitive to the particle’s size. This is further confirmed by the measurements of
the PDFs of |cos(✓a,p)| for various sizes and shapes (see Figure 5), where ✓ap defines the
angle between the acceleration vector a and orientation vector p. The particular trend of

Better	overlap	for	VP	particles

Real	Particles		vs	Volume	Averages Real	Particles		vs	Virtual	Particles
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Figure 4. (a) Normalized single component acceleration variance as a function of the normalized
particle size Dv/⌘ at Re� = 120 for real particles (RP: solid symbols) and volume averages (VA:
open symbols). The dashed lines are the fitting lines for spheres of RP (exponent�1.0±0.1). Inset
in (a) shows the ratio of acceleration variance of VA to acceleration variance of RP, ha2
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as a function of Dv/⌘. (b) Normalized componentwise acceleration variance as a function of the
normalized particle size Dv/⌘ at Re� = 120 for real particles (RP: solid symbols) and virtual
particles (VP: open symbols). The dashed lines are the fitting lines for spheres of RP. Inset in
(b) shows the ratio of acceleration variance of VP to acceleration variance of RP, ha2

i iV P /ha2
i i,

as a function of Dv/⌘. (c) The ratio of axial variance h(a · p)2i to lateral variance h|a⇥ p|2i of
particle acceleration as a function of aspect ratio at Re� = 120 for RP (triangles), VA (square),
and VP (circles), respectively. The black dash-dot line denotes the results of Je↵ery tracers. The
color represents the normalized particle size Dv/⌘ in the logarithmic scale.

accelerations fluctuations of VP particles is closer to the ones of RP particles (see insets in
Figure 4(a and b) where their ratio is plotted). Note that the acceleration variances of VA
and VP represent respectively the volume averaging of the fluid flow acceleration in the
fixed frame (Eulerian perspective) and in an advected frame (Lagrangian perspective).
Therefore, these results stress that the scaling behaviour of the translational dynamics
is dominated by the volume averaging instead of other surface forces such as e.g. the
drag. However, an interesting question is: Why VP are capable to better approximate
the statistics of real particles than VA? This might be due to preferential sampling of fluid
structures along their Lagrangian trajectories, a fact that we tend to exclude because we
know that these particles do not form clusters, or this might come from a preferential
orientation in space (that is dynamical for the RP and VP cases while absent for VA).
This is at odds with the expectations that particles of sizes well into the inertial range,
shall become randomly oriented due to the averaging of turbulent fluid fluctuations that
results from the spatial volume filtering.

In order to understand if any correlation exists between the particle acceleration and
its orientation, we look at the ratio of the particle axial acceleration variance h(a ·p)2i to
the lateral acceleration variance h|a⇥ p|2i as a function of their aspect ratio, Figure 4c.
For spherical particles (↵ = 1), no preferential alignment is expected between a and p,
even for various sizes, due to the full rotational symmetry of the body shape. For the non-
spherical case, a value of the ratio di↵erent from 0.5 marks the existence of preferential
orientation.

We find that the oblate particles preferentially align with their acceleration (h(a ·
p)2i/h|a⇥ p|2i > 0.5) and the prolate particles are predominantly perpendicular to the
acceleration (h(a · p)2i/h|a ⇥ p|2i < 0.5). It also turns out that the alignment of large
particles is identical to that of Je↵ery fluid tracers (JFT), which indicates that the align-
ment is insensitive to the particle’s size. This is further confirmed by the measurements of
the PDFs of |cos(✓a,p)| for various sizes and shapes (see Figure 5), where ✓ap defines the
angle between the acceleration vector a and orientation vector p. The particular trend of
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Spheroids:	Acceleration	alignment

A	qualitative	explanation

EXP:	

A.Liberzon et al. Physics (2012)
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Summary

Rotation	

Acceleration	

Size-dependence	explained	by	fluid	acceleration	volume	averages	(VA	or	VP)	
Amplitude	better	accounted	for	dynamical	(Lagrangian)	volume	averages	(VP)	

Importance	of	flow	structures:	preferential	alignment	even	for	inertial-scale	particles!	
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an isotropic vector, upon time and ensemble averaging Eq. (2.13), one obtains:

h⌦s
i⌦

s
i i

hṗiṗii
=

1
12 h!

2i
1
6 h!2i+ 1

5⇤
2hS : Si

=
5

10 + 6⇤2
. (3.1)

Note that the last equality follows from the statistical properties of the HIT flow, where
1
2 h!

2i = 2hS : Si = ✏/⌫ (Parsa et al. 2012; Byron et al. 2015). This would produce
only a mild variation of the spinning to tumbling ratio across the whole range of aspect
ratios, as it is shown in Figure 7a (blue solid curve). However, it is known that small
particles develop strong correlations with velocity gradients that are responsible for a
sharp deviation from this prediction. The present Je↵ery’ models simulations clearly
show this behaviour in Figure 7a (spheres symbols). Incidentally, we note that our results
at Re� = 120 agree with previous numerical study (dashed line) at Re� = 433 (Byron
et al. 2015), underlying the weak Re� dependence of this phenomenon. For spheres, the
angular velocity is isotropic and the ratio h⌦s

i⌦
s
i i/hṗiṗii stays around 0.5 for all cases.

A marked asymmetry exists between oblate and prolate particles, while the first tumble
intensely the seconds are spin dominated, as they tend to align with the vorticity vector
(Voth & Soldati 2017; Parsa et al. 2012). Futhermore, a saturation of these behaviours
is observed in both cases for extreme aspect ratios, i.e. ↵ . 1/4 and ↵ & 1/4.
What happens when particles have a finite size? A naive K41-based prediction would

suggest that the tumbling scales with the length hṗiṗii ⇠ l
�4/3 and that the spinning

scale with the h⌦s
i⌦

s
i i ⇠ 0.5d�4/3 (where the 0.5 factor comes for the matching with the

spherical case) so that

h⌦s
i⌦

s
i i

hṗiṗii
⇠ ↵

4/3

2
. (3.2)

However, this prediction falls largely o↵ the result of the simulations, where we see a
marked decreasing Dv dependence of the ratio of the mean square spinning to tumbling
rate (see Figure 7a and b). Larger particles in proportion spin less and tumble more.
This is indeed true for all aspect ratios except for spheres (see Figure 7 d). It has been
pointed out by (Oehmke et al. 2021), that these types of dimensional reasoning ignore
the decorrelation of the velocity field along the particle surface. The rotation rates stem
from the integral of the velocity gradients along with the particles and as such e.g.
the spinning rate can be much attenuated in long fibers (↵ � 1). This integral e↵ect is
possibly more important when both the diameter and the length are much larger than the
dissipation scale. As a consequence, the scaling behaviors of the spinning and tumbling
rate can deviate from K41-based scalings as another length scale is involved, and the
ratio h⌦s

i⌦
s
i i/hṗiṗii becomes to be a function of the particle size.

The experiments by Oehmke et al. (2021), the only to date to have measured both the
spinning and tumbling of finite-size particles, find that for prolate fibers the variance of
the spinning rate is always larger than the variance of the tumbling rate. These authors
comment that the observed behaviour “surprisingly resembles that observed previously
for sub-Kolmogorov fibers”. These observations are fully confirmed by our simulations
(see Appendix B for a more detailed comparison). However, we additionally observe a
new feature:
The ratio h⌦s

i⌦
s
i i/hṗiṗii for oblate and prolate spheroids shows systematic decreasing

trends as the particle equivalent size increases, and this for both Re� = 32 and Re� = 120.
For oblate spheroids (↵ = 0.5), the ratio becomes vanishingly small at increasing

their size, which indicates that the oblate spheroids hardly spin when their size is large
compared to the dissipation scale. Similarly, prolate spheroids of large size reduce their
spinning to the point that it becomes smaller than tumbling ( Figure 7a).

Dynamics of finite-size spheroids in turbulent flow 7

are:

FV P = ⇢Vp

⌧
Du

Dt

�v

⌘
Z

Vp

⇢
Du

Dt
d
3
x (2.9)

TV P = Vp

⌧
dL

dt

�v

⌘
Z

Vp

(x� r)⇥ ⇢
Du

Dt
d
3
x (2.10)

where Du/Dt is the fluid acceleration, L is the angular momentum, and hiv denotes the
average over the fluid volume of the virtual particle.
In the fourth numerical experiment, we adopt real particles with fixed locations

(RPFL). We fix the spatial position of the real particles and only evolve the rotation
by solving the Eq. (2.4). In this case, the IBM is still implemented and the particles are
two-way coupled with the flow, as shown in Figure 2b.
The fifth numerical experiment contains the virtual particles with fixed locations

(VPFL), as shown in Figure 2d. We fixed the location of VP in the turbulence and
only evolve the rotation by solving the Eq. (2.4). No feedback on the flow is imposed and
the rotation of VPFL is driven by the time derivative of the angular momentum of the
fluid inside the virtual particles.
Finally, to better contrast the dynamics of finite-size particles with respect to sub-

Kolmogorov scale particles, we carry out a sixth numerical experiment with point-like
spheroidal tracers, as shown in Figure 2e. The governing equations for the point-like
spheroidal tracers with position, r(t), and orientation, p(t), are given by

ṙ = u(r(t), t), (2.11)

ṗ = ⌦ ⇥ p (2.12)

⌦ =
1

2
!(r(t), t) + ⇤ p⇥ S(r(t), t)p (2.13)

Here, u(r(t), t) is the fluid velocity at the particle position at time t. The vector
!(r(t), t) = r ⇥ u is the fluid vorticity and S = (ru + ruT )/2 is the strain-rate

matrix of the fluid velocity gradient tensor, ru, at the particle position, and ⇤ = ↵2�1
↵2+1

is the shape parameter of particles. The equations of rotation Eq. (2.12)(2.13), called the
Je↵ery angular equations (Je↵ery 1922; Byron et al. 2015), have been extensively used for
the study of the dynamics of tiny spheroidal tracers (Parsa et al. 2012; Gustavsson et al.
2014; Calzavarini et al. 2020; Jiang et al. 2021, 2020). The aspect ratios of the point-
like spheroidal tracers (hereafter called Je↵ery tracers) are chosen equal to the ones of
RP. For each aspect ratio, we seed 105 Je↵ery tracers in the flow to have converged
statistics. The numerical condition of the flow is identical to the simulation of RP. We
use hitracer to denote the temporal and ensemble average of Je↵ery tracers. Note that
the translational dynamics of the particles is the one of perfect Lagrangian tracers, Eq.
(2.11), independently of their geometric aspect ratio (i.e. the drag force is here neglected).
For this reason, we denote the particles as Je↵ery fluid tracers (JFT). For better clarity
all the model systems described above are summarized in Table 2.

3. Results

3.1. Particle trajectories and fields visualizations

In Figure 3a a visualization example of the trajectory of a spheroid with ↵ = 2 and
an equivalent diameter Dv = 25⌘ over a relatively short time span, ⇠ 40 dissipative
times (⌧⌘), obtained from the simulation. The energy dissipation rate field in the fluid,
✏, is represented in colour over planes intersecting the spheroid. Such a quantity that
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i i/hṗiṗii stays around 0.5 for all cases.

A marked asymmetry exists between oblate and prolate particles, while the first tumble
intensely the seconds are spin dominated, as they tend to align with the vorticity vector
(Voth & Soldati 2017; Parsa et al. 2012). Futhermore, a saturation of these behaviours
is observed in both cases for extreme aspect ratios, i.e. ↵ . 1/4 and ↵ & 1/4.
What happens when particles have a finite size? A naive K41-based prediction would

suggest that the tumbling scales with the length hṗiṗii ⇠ l
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However, this prediction falls largely o↵ the result of the simulations, where we see a
marked decreasing Dv dependence of the ratio of the mean square spinning to tumbling
rate (see Figure 7a and b). Larger particles in proportion spin less and tumble more.
This is indeed true for all aspect ratios except for spheres (see Figure 7 d). It has been
pointed out by (Oehmke et al. 2021), that these types of dimensional reasoning ignore
the decorrelation of the velocity field along the particle surface. The rotation rates stem
from the integral of the velocity gradients along with the particles and as such e.g.
the spinning rate can be much attenuated in long fibers (↵ � 1). This integral e↵ect is
possibly more important when both the diameter and the length are much larger than the
dissipation scale. As a consequence, the scaling behaviors of the spinning and tumbling
rate can deviate from K41-based scalings as another length scale is involved, and the
ratio h⌦s
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i i/hṗiṗii becomes to be a function of the particle size.

The experiments by Oehmke et al. (2021), the only to date to have measured both the
spinning and tumbling of finite-size particles, find that for prolate fibers the variance of
the spinning rate is always larger than the variance of the tumbling rate. These authors
comment that the observed behaviour “surprisingly resembles that observed previously
for sub-Kolmogorov fibers”. These observations are fully confirmed by our simulations
(see Appendix B for a more detailed comparison). However, we additionally observe a
new feature:
The ratio h⌦s
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i i/hṗiṗii for oblate and prolate spheroids shows systematic decreasing

trends as the particle equivalent size increases, and this for both Re� = 32 and Re� = 120.
For oblate spheroids (↵ = 0.5), the ratio becomes vanishingly small at increasing

their size, which indicates that the oblate spheroids hardly spin when their size is large
compared to the dissipation scale. Similarly, prolate spheroids of large size reduce their
spinning to the point that it becomes smaller than tumbling ( Figure 7a).
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an isotropic vector, upon time and ensemble averaging Eq. (2.13), one obtains:

h⌦s
i⌦

s
i i

hṗiṗii
=

1
12 h!

2i
1
6 h!2i+ 1

5⇤
2hS : Si

=
5

10 + 6⇤2
. (3.1)

Note that the last equality follows from the statistical properties of the HIT flow, where
1
2 h!

2i = 2hS : Si = ✏/⌫ (Parsa et al. 2012; Byron et al. 2015). This would produce
only a mild variation of the spinning to tumbling ratio across the whole range of aspect
ratios, as it is shown in Figure 7a (blue solid curve). However, it is known that small
particles develop strong correlations with velocity gradients that are responsible for a
sharp deviation from this prediction. The present Je↵ery’ models simulations clearly
show this behaviour in Figure 7a (spheres symbols). Incidentally, we note that our results
at Re� = 120 agree with previous numerical study (dashed line) at Re� = 433 (Byron
et al. 2015), underlying the weak Re� dependence of this phenomenon. For spheres, the
angular velocity is isotropic and the ratio h⌦s

i⌦
s
i i/hṗiṗii stays around 0.5 for all cases.

A marked asymmetry exists between oblate and prolate particles, while the first tumble
intensely the seconds are spin dominated, as they tend to align with the vorticity vector
(Voth & Soldati 2017; Parsa et al. 2012). Futhermore, a saturation of these behaviours
is observed in both cases for extreme aspect ratios, i.e. ↵ . 1/4 and ↵ & 1/4.
What happens when particles have a finite size? A naive K41-based prediction would

suggest that the tumbling scales with the length hṗiṗii ⇠ l
�4/3 and that the spinning

scale with the h⌦s
i⌦

s
i i ⇠ 0.5d�4/3 (where the 0.5 factor comes for the matching with the

spherical case) so that

h⌦s
i⌦

s
i i

hṗiṗii
⇠ ↵

4/3

2
. (3.2)

However, this prediction falls largely o↵ the result of the simulations, where we see a
marked decreasing Dv dependence of the ratio of the mean square spinning to tumbling
rate (see Figure 7a and b). Larger particles in proportion spin less and tumble more.
This is indeed true for all aspect ratios except for spheres (see Figure 7 d). It has been
pointed out by (Oehmke et al. 2021), that these types of dimensional reasoning ignore
the decorrelation of the velocity field along the particle surface. The rotation rates stem
from the integral of the velocity gradients along with the particles and as such e.g.
the spinning rate can be much attenuated in long fibers (↵ � 1). This integral e↵ect is
possibly more important when both the diameter and the length are much larger than the
dissipation scale. As a consequence, the scaling behaviors of the spinning and tumbling
rate can deviate from K41-based scalings as another length scale is involved, and the
ratio h⌦s

i⌦
s
i i/hṗiṗii becomes to be a function of the particle size.

The experiments by Oehmke et al. (2021), the only to date to have measured both the
spinning and tumbling of finite-size particles, find that for prolate fibers the variance of
the spinning rate is always larger than the variance of the tumbling rate. These authors
comment that the observed behaviour “surprisingly resembles that observed previously
for sub-Kolmogorov fibers”. These observations are fully confirmed by our simulations
(see Appendix B for a more detailed comparison). However, we additionally observe a
new feature:
The ratio h⌦s

i⌦
s
i i/hṗiṗii for oblate and prolate spheroids shows systematic decreasing

trends as the particle equivalent size increases, and this for both Re� = 32 and Re� = 120.
For oblate spheroids (↵ = 0.5), the ratio becomes vanishingly small at increasing

their size, which indicates that the oblate spheroids hardly spin when their size is large
compared to the dissipation scale. Similarly, prolate spheroids of large size reduce their
spinning to the point that it becomes smaller than tumbling ( Figure 7a).
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with the intermediate eigenvector of the instantaneous strain rate tensor ê2. From this empirical
fact, it naturally follows that fibers should have p preferentially along ê2, whereas disks should
have p preferentially in the plane of ê1 and ê3. Conservation of angular momentum causes the
vorticity to also preferentially align with the direction in which the fluid been stretched. This leads
to particles with a long axis aligned with the vorticity vector (Ni et al. 2014). Most features of
rotations of neutrally buoyant particles can be understood in this framework. Fibers tumble slowly
because they are aligned with vorticity, so it does not contribute to ṗ. Disks preferentially have
p perpendicular to the vorticity, so vorticity contributes strongly to tumbling but almost nothing
to spinning. Because strain cannot contribute to the spinning of axisymmetric particles, disks spin
very slowly.

5.2.2. Rotations in turbulent shear flows. In shear flows, particle rotation has been extensively
studied in laboratory coordinates. Marchioli & Soldati (2013) reported the mean and root mean
square rotation statistics for inertial fibers as a function of distance from the wall. Challabotla et al.
(2015a,b) provided the same statistics for disks and neutrally buoyant particles. L. Zhao et al. (2015)
recently connected much of what we know about rotations in homogeneous isotropic turbulence
with what we know about tracer and inertial particles in turbulent channel flow. They decomposed
rotations into spinning and tumbling and observed statistics near the channel centerline that are
very similar to earlier results in isotropic turbulence. The addition of particle inertia results in
relatively small changes near the channel centerline, with both the spinning and tumbling rates
decreasing for heavier particles. However, near the wall at z+ = 10, the relative importance of
spinning and tumbling changes dramatically. The changes are largest for inertial particles. For
example, heavy disks spin much faster than heavy fibers, the opposite of the isotropic turbulence
trend in Figure 8.
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Figure 7. (a) The ratio of spinning rate squared to tumbling rate squared, h⌦s
i⌦

s
i i/hṗiṗii, as a

function of aspect ratio ↵ for RP. The color bar represents the normalized particle size Dv/⌘ in
the logarithmic scale. Spheres denote the results for Je↵ery tracers. Leftward triangles denote the
results at Re� = 32 and rightward triangles denote the results at Re� = 120. The arrows denote
the direction that the size of particles increases. The dashed line shows the results of tracers at
Re� = 433 in Ref. (Byron et al. 2015). (b) The ratio of mean spinning rate squared to mean
tumbling rate squared, h⌦s

i⌦
s
i i/hṗiṗii, as a function of size Dv/⌘.(c) The cartoon illustrates

that the weight of the tumbling rate in the angular velocity of prolate spheroids becomes larger
as the particle size increases. (d) The ratio of spinning rate squared to tumbling rate squared,
h⌦s

i⌦
s
i i/hṗiṗii, as a function of aspect ratio ↵ for VA and VP. The color bar represents the

normalized particle size Dv/⌘ in the logarithmic scale.

of the mean squared angular velocity is larger for VA and VP than that of RP (see again
Figure 6(a,b)). This suggests that rotational dynamics of finite-size neutrally-buoyant
spheroids (RP) is also dominated by the volume filtering e↵ect, as proven by its scaling-
behavior with respect toDv, while its amplitude must be a↵ected by other physical e↵ects
(to be discussed later). From the insets of Figure 6, we note that the angular velocity
variance discrepancy between VA and RP and VP and RP is larger than the discrepancy
of acceleration variances. In conclusion, as far as angular velocity is concerned we can
not say that VPs are a good approximation of RP particles. This discrepancy is even
more important when one looks at the ratio between the intensity of axial as compared
to lateral rotational components, that is to say, tumbling and spinning, as we will discuss
in the following.

In Figure 7a, we show the ratio h⌦s
i⌦

s
i i/hṗiṗii as a function of aspect ratio ↵ for

particles of di↵erent sizes. We first discuss the behaviour of sub-Kolomogorov scale
particles, whose dynamics is well described by the Je↵ery equation. In this case, if the
particle orientation vector were uncorrelated with the fluid velocity gradients, and p is

Large	particles		
spin	less	and	tumble	more
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Figure 7. (a) The ratio of spinning rate squared to tumbling rate squared, h⌦s
i⌦

s
i i/hṗiṗii, as a

function of aspect ratio ↵ for RP. The color bar represents the normalized particle size Dv/⌘ in
the logarithmic scale. Spheres denote the results for Je↵ery tracers. Leftward triangles denote the
results at Re� = 32 and rightward triangles denote the results at Re� = 120. The arrows denote
the direction that the size of particles increases. The dashed line shows the results of tracers at
Re� = 433 in Ref. (Byron et al. 2015). (b) The ratio of mean spinning rate squared to mean
tumbling rate squared, h⌦s

i⌦
s
i i/hṗiṗii, as a function of size Dv/⌘.(c) The cartoon illustrates

that the weight of the tumbling rate in the angular velocity of prolate spheroids becomes larger
as the particle size increases. (d) The ratio of spinning rate squared to tumbling rate squared,
h⌦s

i⌦
s
i i/hṗiṗii, as a function of aspect ratio ↵ for VA and VP. The color bar represents the

normalized particle size Dv/⌘ in the logarithmic scale.

of the mean squared angular velocity is larger for VA and VP than that of RP (see again
Figure 6(a,b)). This suggests that rotational dynamics of finite-size neutrally-buoyant
spheroids (RP) is also dominated by the volume filtering e↵ect, as proven by its scaling-
behavior with respect toDv, while its amplitude must be a↵ected by other physical e↵ects
(to be discussed later). From the insets of Figure 6, we note that the angular velocity
variance discrepancy between VA and RP and VP and RP is larger than the discrepancy
of acceleration variances. In conclusion, as far as angular velocity is concerned we can
not say that VPs are a good approximation of RP particles. This discrepancy is even
more important when one looks at the ratio between the intensity of axial as compared
to lateral rotational components, that is to say, tumbling and spinning, as we will discuss
in the following.

In Figure 7a, we show the ratio h⌦s
i⌦

s
i i/hṗiṗii as a function of aspect ratio ↵ for

particles of di↵erent sizes. We first discuss the behaviour of sub-Kolomogorov scale
particles, whose dynamics is well described by the Je↵ery equation. In this case, if the
particle orientation vector were uncorrelated with the fluid velocity gradients, and p is
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Figure 7. (a) The ratio of spinning rate squared to tumbling rate squared, h⌦s
i⌦

s
i i/hṗiṗii, as a

function of aspect ratio ↵ for RP. The color bar represents the normalized particle size Dv/⌘ in
the logarithmic scale. Spheres denote the results for Je↵ery tracers. Leftward triangles denote the
results at Re� = 32 and rightward triangles denote the results at Re� = 120. The arrows denote
the direction that the size of particles increases. The dashed line shows the results of tracers at
Re� = 433 in Ref. (Byron et al. 2015). (b) The ratio of mean spinning rate squared to mean
tumbling rate squared, h⌦s

i⌦
s
i i/hṗiṗii, as a function of size Dv/⌘.(c) The cartoon illustrates

that the weight of the tumbling rate in the angular velocity of prolate spheroids becomes larger
as the particle size increases. (d) The ratio of spinning rate squared to tumbling rate squared,
h⌦s

i⌦
s
i i/hṗiṗii, as a function of aspect ratio ↵ for VA and VP. The color bar represents the

normalized particle size Dv/⌘ in the logarithmic scale.

of the mean squared angular velocity is larger for VA and VP than that of RP (see again
Figure 6(a,b)). This suggests that rotational dynamics of finite-size neutrally-buoyant
spheroids (RP) is also dominated by the volume filtering e↵ect, as proven by its scaling-
behavior with respect toDv, while its amplitude must be a↵ected by other physical e↵ects
(to be discussed later). From the insets of Figure 6, we note that the angular velocity
variance discrepancy between VA and RP and VP and RP is larger than the discrepancy
of acceleration variances. In conclusion, as far as angular velocity is concerned we can
not say that VPs are a good approximation of RP particles. This discrepancy is even
more important when one looks at the ratio between the intensity of axial as compared
to lateral rotational components, that is to say, tumbling and spinning, as we will discuss
in the following.

In Figure 7a, we show the ratio h⌦s
i⌦

s
i i/hṗiṗii as a function of aspect ratio ↵ for

particles of di↵erent sizes. We first discuss the behaviour of sub-Kolomogorov scale
particles, whose dynamics is well described by the Je↵ery equation. In this case, if the
particle orientation vector were uncorrelated with the fluid velocity gradients, and p is
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Figure 7. (a) The ratio of spinning rate squared to tumbling rate squared, h⌦s
i⌦

s
i i/hṗiṗii, as a

function of aspect ratio ↵ for RP. The color bar represents the normalized particle size Dv/⌘ in
the logarithmic scale. Spheres denote the results for Je↵ery tracers. Leftward triangles denote the
results at Re� = 32 and rightward triangles denote the results at Re� = 120. The arrows denote
the direction that the size of particles increases. The dashed line shows the results of tracers at
Re� = 433 in Ref. (Byron et al. 2015). (b) The ratio of mean spinning rate squared to mean
tumbling rate squared, h⌦s

i⌦
s
i i/hṗiṗii, as a function of size Dv/⌘.(c) The cartoon illustrates

that the weight of the tumbling rate in the angular velocity of prolate spheroids becomes larger
as the particle size increases. (d) The ratio of spinning rate squared to tumbling rate squared,
h⌦s

i⌦
s
i i/hṗiṗii, as a function of aspect ratio ↵ for VA and VP. The color bar represents the

normalized particle size Dv/⌘ in the logarithmic scale.

of the mean squared angular velocity is larger for VA and VP than that of RP (see again
Figure 6(a,b)). This suggests that rotational dynamics of finite-size neutrally-buoyant
spheroids (RP) is also dominated by the volume filtering e↵ect, as proven by its scaling-
behavior with respect toDv, while its amplitude must be a↵ected by other physical e↵ects
(to be discussed later). From the insets of Figure 6, we note that the angular velocity
variance discrepancy between VA and RP and VP and RP is larger than the discrepancy
of acceleration variances. In conclusion, as far as angular velocity is concerned we can
not say that VPs are a good approximation of RP particles. This discrepancy is even
more important when one looks at the ratio between the intensity of axial as compared
to lateral rotational components, that is to say, tumbling and spinning, as we will discuss
in the following.

In Figure 7a, we show the ratio h⌦s
i⌦

s
i i/hṗiṗii as a function of aspect ratio ↵ for

particles of di↵erent sizes. We first discuss the behaviour of sub-Kolomogorov scale
particles, whose dynamics is well described by the Je↵ery equation. In this case, if the
particle orientation vector were uncorrelated with the fluid velocity gradients, and p is

Spinning	-	tumbling	variance	ratio

VA	and	VP	do	not		
explain	the	trends
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Spinning	-	tumbling	variance	ratio	
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Dissipation	field	surrounding		
a	fully	resolved	particle
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Overall	increase	in	strain-rate	as	compared	to		
vorticity		—>	this	promote	tumbling

Spinning	-	tumbling	variance	ratio	

A	boundary	layer	effect?

Cisse, Homann & Bec JFM 2013

<latexit sha1_base64="PmzrYOtW3Uqt2QMD6WXgcOx6g4A="></latexit>
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Summary	/	conclusion
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Rotation	

Size-dependence		explained	in	terms	of	volume	averages	but	not	its	amplitude	

Importance	of	two-way	coupling	and	boundary	layers:		decrease	of	spinning	vs.	tumbling!

Dynamics	of	finite-size	spheroids	in	turbulent	flow:	the	roles	of	flow	structures	and		par3cle	boundary	layers,		

L.	Jiang,	C.	Wang,	S.	Liu,	C.	Sun,	E.	Calzavarini,	[	hnp://arxiv.org/abs/2202.03937	]	J.	Fluid	Mech	(2022)

Experimental	verifications	are	needed!

Acceleration	

Size-dependence	explained	by	fluid	acceleration	volume	averages	(VA	or	VP)	
Amplitude	better	accounted	for	dynamical	(Lagrangian)	volume	averages	(VP)	

Importance	of	flow	structures:	preferential	alignment	even	for	inertial-scale	particles!	

http://arxiv.org/abs/2202.03937
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More	experimental	measures	of	tumbling	&	spinning	needed.


