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Non-Oberbeck–Boussinesq (NOB) eﬀects on the ﬂow organization in two-dimensional
Rayleigh–Bénard turbulence are numerically analysed. The working ﬂuid is water.
We focus on the temperature proﬁles, the centre temperature, the Nusselt number
and on the analysis of the velocity ﬁeld. Several velocity amplitudes (or Reynolds
numbers) and several kinetic proﬁles are introduced and studied; these together
describe the various features of the rather complex ﬂow organization. The results
are presented both as functions of the Rayleigh number Ra (with Ra up to 108 )
for ﬁxed temperature diﬀerence  between top and bottom plates and as functions
of  (‘non-Oberbeck–Boussinesqness’) for ﬁxed Ra with  up to 60 K. All results
are consistent with the available experimental NOB data for the centre temperature
Tc and the Nusselt number ratio Nu NOB /Nu OB (the label OB meaning that the
Oberbeck–Boussinesq conditions are valid). For the temperature proﬁles we ﬁnd –
due to plume emission from the boundary layers – increasing deviations from the
extended Prandtl–Blasius boundary layer theory presented in Ahlers et al. (J. Fluid
Mech., vol. 569, 2006, p. 409) with increasing Ra, while the centre temperature itself
is surprisingly well predicted by that theory. For given non-Oberbeck–Boussinesqness
, both the centre temperature Tc and the Nusselt number ratio Nu NOB /Nu OB only
weakly depend on Ra in the Ra range considered here.
Beyond Ra ≈ 106 the ﬂow consists of a large diagonal centre convection roll and
two smaller rolls in the upper and lower corners, respectively (‘corner ﬂows’). Also
in the NOB case the centre convection roll is still characterized by only one velocity
scale. In contrast, the top and bottom corner ﬂows are then of diﬀerent strengths, the
bottom one being a factor 1.3 faster (for  = 40 K) than the top one, due to the lower
viscosity in the hotter bottom boundary layer. Under NOB conditions the enhanced
lower corner ﬂow as well as the enhanced centre roll lead to an enhancement of
the volume averaged energy based Reynolds number ReE =  12 u2 1/2 L/ν of about
E
E
/ReOB
≈ (β(Tc )/β(Tm ))1/2 , with β
4 % to 5 % for  = 60 K. Moreover, we ﬁnd ReNOB
the thermal expansion coeﬃcient and Tm the arithmetic mean temperature between
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top and bottom plate temperatures. This corresponds to the ratio of the free fall
velocities at the respective temperatures. By artiﬁcially switching oﬀ the temperature
dependence of β in the numerics, the NOB modiﬁcations of ReE is less than 1 %
even at  = 60 K, revealing the temperature dependence of the thermal expansion
coeﬃcient as the main origin of the NOB eﬀects on the global Reynolds number in
water.

1. Introduction
Rayleigh–Bénard (RB) convection in the Oberbeck–Boussinesq (OB) approximation
(Oberbeck 1879; Boussinesq 1903) is rather a mathematical concept than physical
reality. On the one hand it is driven by a temperature diﬀerence  = Tb − Tt between
the bottom and top plates, whose distance in height is L; on the other hand, the
temperature dependences of the material properties such as the kinematic viscosity ν,
the thermal diﬀusivity κ, the heat conductivity Λ, the isobaric speciﬁc heat capacity
cp and the isobaric thermal expansion coeﬃcient β are all ignored in the OB
approximation apart from that of the density ρ, which is assumed to vary linearly
with T :
ρ(T ) ≈ ρm (1 − βm (T − Tm )).

(1.1)

Here, Tm = (Tt + Tb )/2 is the arithmetic mean value of the warmer bottom plate
temperature Tb and the colder top plate temperature Tt , and ρm and βm denote the
density and the thermal expansion coeﬃcient at the mean temperature Tm , respectively.
Fortunately, the OB approximation is rather good, if the material properties depend
on temperature only weakly or if the temperature diﬀerence  between the bottom
and top plates is kept small enough. However, if either the material properties are
strongly temperature dependent (as, for example, the viscosity of glycerol in some
temperature regimes) or if the temperature diﬀerence between bottom and top plates
is chosen to be large in order to achieve larger Rayleigh numbers, the deviations from
the OB approximation are expected to become relevant. The consequences of these
deviations are called non-Oberbeck–Boussinesq (NOB) eﬀects (Ahlers et al. 2006;
Ahlers, Grossmann & Lohse 2009). To what extent they aﬀect the Nusselt number
and whether they possibly could account for the diﬀerences between the Oregon and
the Grenoble data is an ongoing controversy (Chavanne et al. 1997; Ashkenazi &
Steinberg 1999; Niemela et al. 2000, 2001; Chavanne et al. 2001; Roche et al. 2001,
2002; Niemela & Sreenivasan 2003).
The signatures of NOB eﬀects studied in this article are (i) a deviation of the
centre (or bulk) temperature Tc from the arithmetic mean temperature Tm , (ii) a
modiﬁed z proﬁle of the area averaged temperature, which develops a bottom–top
asymmetry, (iii) diﬀerent thermal boundary layer thicknesses λb = λt at the bottom
and top together with diﬀerent temperature drops b = t across these boundary
layers (BLs), (iv) a modiﬁcation of the Nusselt number, best expressed by the ratio
Nu NOB /Nu OB and (v) a bottom–top symmetry broken ﬂow structure, in particular
possibly diﬀerent amplitudes Ub = Ut of the plate-parallel winds near the bottom and
top plates meaning diﬀerent Reynolds numbers Reb,t = Ub,t /(νL−1 ).
Some of the NOB deviations will turn out to be tiny, as the NOB eﬀects from
the top and from the bottom BLs partly compensate each other. Nevertheless, they
are important to understand, in order to judge on the validity and quality of the
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OB approximation in various high-Rayleigh-number experiments. Moreover, it is
interesting from a fundamental point of view, in order to understand how NOB
eﬀects break the top–bottom symmetry of the purely OB–RB convection.
The deviation Tc − Tm of the centre temperature from the arithmetic mean
temperature and the corresponding diﬀerences between the temperature drops t
and b over the thermal BLs presumably is the experimentally most explored NOB
eﬀect, namely for water by Wu & Libchaber (1991) and by Ahlers et al. (2006, 2007,
2008); Ahlers, Grossmann & Lohse (2009). While for water even for  = 50 K (leading
to roughly a factor two variation of the viscosity of the bottom and top liquid layers)
the deviation Tc − Tm is only at most 2 K, for glycerol this deviation can be as large
as 8 K (Zhang, Childress & Libchaber 1997; Sugiyama et al. 2007)
To theoretically account for these deviations, in Ahlers et al. (2006) the Prandtl–
Blasius boundary layer (BL) theory was extended to the NOB case, giving surprisingly
good agreement with the experimental centre temperatures Tc for water. Also for
ethane gas, which is compressible, the BL theory – extended to compressible ﬂuid
ﬂow – can describe the measured centre temperature data rather satisfactorily, as
presented in Ahlers et al. (2007). But as was shown in Ahlers et al. (2008), the T dependence of the buoyancy caused by thermal expansion β = β(T ) is the dominant
cause of the observed NOB eﬀects, in particular the characteristic diﬀerences between
the more gas-like and the more liquid-like ethane on the two sides of the critical
isochore.
The success of the Prandtl–Blasius BL theory in the context of NOB convection
is remarkable for at least two reasons: ﬁrst, the boundary layer theory deals with
semi-inﬁnite plates, while experiments are done in ﬁnite aspect ratio containers,
mainly for Γ = 1; second, and more importantly, the Prandtl–Blasius BL theory
completely ignores the plume separations and the corresponding time dependence of
the boundary layer ﬂow. Although the shear Reynolds numbers in the BLs are not yet
very large in RB ﬂow (for Pr = 1 the transitional shear Reynolds number ReS ≈ 420,
which indicates the range of turbulence transition, is only reached near Ra ≈ 1014 ,
see Grossmann & Lohse 2002), the plumes (and thus the time dependence of the BL
ﬂow) play a signiﬁcant role in the heat transfer (Ciliberto, Cioni & Laroche 1996;
Ciliberto & Laroche 1999) and perhaps also for the bulk temperature Tc . Plumes
are not included in the classical BL theory because that does not take notice of
the buoyant forcing in the Prandtl approximation of the hydrodynamic equations
of motion. Neither the thermal expansion coeﬃcient β itself is addressed nor is its
temperature dependence taken into account, which in reality is considerable. For water
at Tm = 40 ◦ C and  = 40 K there is nearly a factor of 2 between the respective values
βt and βb at the top and bottom plates. Technically speaking, the BL theory misses
β since buoyancy shows up in the equation of the vertical velocity ﬁeld uz ; and this
equation enters into the Prandtl approximation only to derive the height independence
of the pressure, which in RB anyhow does not play a role. The numerical simulations
presented in this paper will quantitatively show that buoyancy and plumes indeed
aﬀect the temperature BL proﬁles.
There are two further assumptions of the extended BL theory developed in Ahlers
et al. (2006) which need to be tested: ﬁrst, the extended BL theory assumes that the
large scale wind velocity is the same close to the top and the bottom plate, i.e. Ut = Ub
or Ret = Reb ≡ ReNOB . We will show in this paper that there are several relevant
velocity amplitudes, most of which break the top–bottom symmetry. Only the main
central roll has the same amplitude near the bottom as well as the top boundary layers.
Second, within the BL theory the ratios Nu NOB /Nu OB and ReNOB /ReOB cannot be

4

K. Sugiyama, E. Calzavarini, S. Grossmann and D. Lohse
T
Tb

Δb

NOB
OB
Tc
z
λbsl

Tm
z=0

sl
λOB

T

λtsl
sl
λOB

Tc
z
Tm

NOB
OB

Δt

Tt
z=L

Figure 1. Notations and sketch of the time and surface averaged temperature proﬁles versus
height z in the OB and NOB cases, respectively. The height of the cell is L (not shown). The
temperatures at the top (z = L) and the bottom (z = 0) plates are Tt and Tb , their arithmetic
mean is Tm = (Tt + Tb )/2. The thermal BL thicknesses based on the temperature slopes at the
plates are called λsl
t,b . The respective temperature drops are t and b . The time averaged
temperature in the bulk (or centre) is Tc . For water as the working ﬂuid, this centre temperature
sl
Tc is larger than Tm . While λsl
b = λt in the OB case, under NOB conditions the bottom BL is
sl
thinner than the top one, λsl
<
λ
.
t The ﬂuid properties such as ν, κ and β carry the same index
b
as the temperature at which they are considered, e.g. νt = ν(Tt ) for the kinematic viscosity at
the top plate, and so on.

calculated at all, in contrast to Tc . These quantities can only be obtained by additional
input from experiment, namely by employing the experimental information on the
ratio Fλ := 2λslOB /(λslt + λslb ). Here λslt and λslb are the top and bottom thermal BL
thicknesses, deﬁned via the temperature slopes at the plates in (4.1) and sketched in
ﬁgure 1. In Ahlers et al. (2006) we have calculated Fλ from the measured Nusselt
number and the calculated centre temperature. Its value Tc determines the ratio
F := (κt t + κb b )/(κm )). The exact relation holds (even for compressible ﬂow)
(the notation used in (1.2) is explained in the caption of ﬁgure 1)
Nu NOB
2λsl
κt t + κb b
=: Fλ · F .
= sl OB sl ·
Nu OB
κm 
λt + λb

(1.2)
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Nu NOB is the actual heat ﬂux with all material parameters taken at their respective
real temperature values. The label OB means that all ﬂuid properties are taken as
temperature independent constants, evaluated at the arithmetic mean temperature Tm .
Remarkably, for the analysed case of water at Tm = 40 ◦ C (Ahlers et al. 2006)
the experimental data are consistent with Fλ = 1. But as was shown in Calzavarini,
Grossmann & Lohse (2007) by numerical simulations it is Fλ = 1 for RB convection
in glycerol under NOB conditions, at least up to Ra = 108 . However, in glycerol
due to the large Prandtl number Pr ≈ 2500, a large-scale convection roll did not yet
develop and it could be that Fλ = 1 is connected with the existence of such a roll. The
numerical simulations presented in this paper will unambiguously show that Fλ = 1
does not hold in general. This property thus is coincidental for water due to the
speciﬁc temperature dependences of its material properties around 40 ◦ C.
The question of modiﬁcations of the Reynolds number(s) through NOB eﬀects is
intimately related to the ﬂow organization. In recent years there was considerable
progress in our insight into the ﬂow structure, thanks to numerical simulations
(Verzicco & Camussi 2003; Schmalzl, Breuer & Hansen 2004; Amati et al. 2005;
Stringano & Verzicco 2006; Shishkina & Wagner 2008; Stevens, Verzicco & Lohse
2009), to particle image velocimetry (PIV) measurements (Xia, Sun & Zhou 2003; Qiu
et al. 2004; Xi, Lam & Xia 2004; Sun, Xi & Xia 2005a; Sun, Xia & Tong 2005b) and to
velocity correlation measurements (Brown, Funfschilling & Ahlers 2007). These papers
revealed that there are various feasible possibilities to deﬁne ﬂow amplitudes and
that these diﬀerently deﬁned amplitudes and the corresponding Reynolds numbers
have diﬀerent scaling behaviour with Ra. Our numerical simulations have fully
conﬁrmed and detailed this view. We will show that NOB conditions inﬂuence the
ﬂow structure near top and bottom diﬀerently and modify the various Reynolds
numbers correspondingly. NOB conditions have the largest impact on the convective
ﬂow in one top and one bottom corner of the cell, where macroscopically visible
secondary rolls develop. We will also show that the NOB modiﬁcation of the global,
−1
volume and time averaged, energy based Reynolds number ReE =  21 u2 1/2
V ,τ /(νL )
is consistent with attributing it mainly to the change of the thermal expansion
E
E
/ReOB
≈ (β(Tc )/β(Tm ))1/2 , a
coeﬃcient β in the bulk. More speciﬁcally, we ﬁnd ReNOB
ﬁnding clearly not describable within the extended Prandtl–Blasius BL theory.
In this paper we focus on water (Pr = 4.4). Nevertheless, the parameter space is
considerable. Next to Ra the crucial parameter is the NOBness . For comparison we
perform numerical simulations for ﬂuids with non-physical temperature dependences
of their material properties in order to clarify the origin of certain observations.
As the numerical eﬀort is so large for three-dimensional simulations we restrict
ourselves to two-dimensional simulations. One may worry on whether twodimensional simulations are suﬃcient to reﬂect the dynamics of three-dimensional
RB convection. For heat ﬂow under OB conditions this point has been analysed
in detail by Schmalzl et al. (2004) and earlier by DeLuca et al. (1990), Werne
et al. (1991) and Werne (1993). Recently, Johnston & Doering (2009) compared
two-dimensional Rayleigh–Bénard convection with constant temperature and with
constant ﬂux boundary conditions. Schmalzl et al. (2004)’s conclusion is that for
Pr & 1 various properties observed in numerical three-dimensional convection (and
thus also in experiment) are well reﬂected in the two-dimensional simulations. This
in particular holds for the BL proﬁles and for the Nusselt numbers. Since one focus
of this paper is on the diﬀerence between OB and NOB convection, the restriction
to two-dimensional simulations might be even less severe, as NOB deviations occur
in both cases and the diﬀerences between two-dimensional and three-dimensional
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simulations might cancel out in quantities such as (Tc − Tm )/Tm , Nu NOB /Nu OB , or
ReNOB /ReOB . We also note that for a comparison with the Prandtl–Blasius BL theory
two-dimensional simulations are in fact more appropriate than three-dimensional
simulations, as the BL theory is two-dimensional per construction.
The paper is organized as follows: in § 2 we will explain, justify and verify the
numerical method; § 3 is devoted to our results on the mean temperature proﬁles
and the related shifts of the centre temperatures; § 4 addresses the NOB eﬀects on
the Nusselt number. The main section is § 5 where we ﬁrst analyse the ﬂow structure
for the OB case and then its modiﬁcations through NOB eﬀects. Several feasible
measures for the wind amplitudes of the complex ﬂow structure will be introduced.
Section 6 contains the conclusions.
2. Deﬁnitions, governing equations and numerical method
The equations governing non-Oberbeck–Boussinesq convection in incompressible
liquids are the incompressibility condition
∂i ui = 0,

(2.1)



ρ
ρm (∂t ui + uj ∂j ui ) = −∂i p + ∂j (η(∂j ui + ∂i uj )) + ρm g 1 −
δi3 ,
ρm

(2.2)

the Navier–Stokes equation

and the heat-transfer equation
ρm cp,m (∂t T + uj ∂j T ) = ∂j (Λ∂j T ).

(2.3)

The dynamic viscosity η(T ) and the heat conductivity Λ(T ) are both temperature
and thus space dependent. The isobaric speciﬁc heat capacity cp and the density ρ
are assumed as constants and their values cp,m and ρm are ﬁxed at the temperature
Tm , except in the buoyancy term, where the full nonlinear temperature dependence
of ρ(T ) is implemented. For water, which we here consider as the working ﬂuid,
density as well as speciﬁc heat are indeed constant with temperature to a very good
approximation. The experimentally known temperature dependences of η, Λ and ρ (in
the buoyancy term) together with the values of the parameters ρm and cp,m for water
are given in the appendix of Ahlers et al. (2006) and, for better reference, are reported
in table 1 in the form implemented in the present direct numerical simulations (DNS).
We deal with a wall-bounded system with an aspect ratio ﬁxed at Γ = 1. The
velocity boundary conditions accompanying the dynamical equations are ui = 0 at
the top and bottom plates z = L and z = 0 as well as on the sidewalls x = 0, x = L. The
temperature boundary conditions are Tb − Tt =  for the temperature drop across the
whole cell of height L. At the sidewalls (x = 0, x = L) heat-insulating conditions are
employed, ∂x T |x = 0,L = 0. The cell is considered to be two-dimensional, i.e. there is no
y-dependence. The Rayleigh number is deﬁned with the material parameters taken at
the mean temperature Tm ,
βm gL3 
Ra =
.
(2.4)
ν m κm
We vary the Rayleigh number in DNS by varying the height L of the box, while the
non-Oberbeck–Boussinesqness is changed by varying the temperature drop . Note
that in (2.2) the full temperature dependence of the density in the buoyancy term is
taken into account, rather than employing the linear approximation (1.1) only. Still the
Rayleigh number is deﬁned with the coeﬃcient of the linear expansion of the density
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n

ν
An

0 6.6945204 · 10−7
1 −1.215394 · 10−8
2
1.737730 · 10−10
3 −2.48455 · 10−12
4
3.55232 · 10−14
5
−5.0790 · 10−16

κ
Bn
(m2 s−1 )
(m2 s−1 K−1 )
(m2 s−1 K−2 )
(m2 s−1 K−3 )
(m2 s−1 K−4 )
(m2 s−1 K−5 )

1.5222630 · 10−7 (m2 s−1 )
3.347639 · 10−10 (m2 s−1 K−1 )
−2.702875 · 10−12 (m2 s−1 K−2 )
0
0
0

g(1 − ρ/ρm )
Cn
0
3.7576156 · 10−3
3.900878 · 10−5
−1.811623 · 10−7
0
0

(m2 s−1 )
(m s−2 K−1 )
(m s−2 K−2 )
(m s−2 K−3 )

Table 1. Expansion coeﬃcients of material properties of water around the temperature
thermal diﬀusivity
Tm = 40 ◦ C adapted from Ahlers et al. (2006). The kinematic viscosity, the
and buoyancy are written
form as ν(T ) ≡ 
η(T )/ρm = n=0 An (T − Tm )n ,
 in a polynomial
κ(T ) ≡ Λ(T )/(ρm cp,m ) = n=0 Bn (T −Tm )n and g(1−ρ(T )/ρm ) = n=0 Cn (T −Tm )n , respectively.
Using the leading coeﬃcient C1 ( = gβm ) for the buoyancy force, we can write the Rayleigh
number deﬁned in (2.4) as Ra = C1 L3 /(νm κm ), where νm = η(Tm )/ρm and κm = Λ(Tm )/(ρm cpm ),
which coincides with the usual OB deﬁnition. Note that in Ahlers et al. (2006) we instead
directly expanded ν(T ) = η(T )/ρ(T ) (and correspondingly for κ(T )) around Tm , leading to
slightly diﬀerent coeﬃcients.

with respect to temperature, taken at the mean temperature, βm = − ρm−1 ∂ρ/∂T |Tm ,
cf. table 1. The Prandtl number Pr = νm /κm is also deﬁned in terms of the material
parameters at the arithmetic mean temperature.
Equations (2.1)–(2.3) are solved on a two-dimensional domain with gravity pointing
in negative z direction. To discretize the Navier–Stokes and heat transfer equations,
we employ a ﬁnite diﬀerence scheme (see e.g. Peyret & Taylor 1983; Ferziger & Perić
1996). The space derivatives are approximated by the fourth-order central diﬀerence
scheme on a staggered grid (Harlow & Welch 1965). In particular for the advection
terms we employ the scheme proposed by Kajishima et al. (2001), which satisﬁes the
relations ∂j (uj ui ) = ui ∂j uj + uj ∂j ui and ∂j (uj T ) = T ∂j uj + uj ∂j T in a discretized form
and ensures that the second moments of the velocity and temperature are highly
conserved. To integrate the equations in time, we use the second-order scheme, i.e. the
Adams–Bashforth method for the advection terms and the Crank–Nicolson one for
the viscous, diﬀusive and buoyant terms (see e.g. Canuto et al. 1988). To complete the
time marching in the momentum equation and simultaneously satisfying the solenoidal
condition (2.1) of the velocity vector, we employ a simpliﬁed-marker-and-cell
procedure (Amsden & Harlow 1970) by solving a Poisson equation for the pressure.
The two-dimensional discretized pressure equation, which is written in the fourth-order
ﬁnite diﬀerence form, is reduced into a one-dimensional problem by taking the fast
fourier transform (FFT) in the x direction. The boundary condition at the sidewalls
(x = 0 and x = L) is satisﬁed, if the relation ∂x φ|x = 0 = ∂x φ|x = L = 0 holds for all the
quantities φ in the pressure equation. To impose this condition, we take a periodicity
2L for the FFT (i.e. φ(x) = φ(2nL + x) with n an arbitrary integer) and introduce a
ﬁctitious domain L < x 6 2L, in which the quantities are given by φ(x) = φ(2L − x).
We directly solve the reduced-order equation written in a heptadiagonal matrix form
and then determine the pressure ﬁeld by taking the inverse FFT.
We brieﬂy comment on the temporal and spatial resolution. The time step is
chosen such that the Courant–Friedrichs–Lewy (CFL) condition is fulﬁlled: the CFL
number is 0.2 or less for all the present computations. The spatial resolution is
chosen according to Grötzbach (1983) (see also Shishkina & Wagner 2008) such that
the linear expansion h of a numerical grid cell obeys h/ηK 6 πmin(1, P r −3/4 ). For our
case Pr = 4.4 this implies h/ηK 6 1.03. Here ηK = u−1/4 ν 3/4 is the Kolmogorov length
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Figure 2. Upper two panels: temporal evolution of Nu t (τ ) and Nu b (τ ) as deﬁned in equation
(2.5), before time averaging, for Ra = 107 ,  = 40 K and L = 1.89 cm. The total integration time
T, reported here in seconds, is of the order 104 integral times of the autocorrelation
 t coeﬃcient,
τI 0.606 s. Lowest panel: ratio of the temporally averaged Nusselt numbers 0 Nu t (τ ) dτ/
t
0 Nu b (τ ) dτ . Here the time averages at top and bottom agree up to 0.009 %. For other Ra
and  the statistical convergence is similar with maximum relative error being 0.091 %.

scale and u is the turbulent kinetic-energy dissipation rate. The highest value of
h/ηK in our simulations is 0.653 at the highest Rayleigh number Ra = 108 , obeying
the Grötzbach criterion.
We have validated the numerical code by checking the instantaneous kinetic energy
and entropy budget relations for u2 /2 and T 2 /2 both in the OB and NOB cases and
by evaluating the correctness of the onset of convection in the OB case. The critical
Rayleigh number we compute (Rac = 2585.27) is in agreement with the one computed
analytically by Luijkx & Platten (1981) (Rac = 2585.03) to a precision of less than
0.01 %. We note that Rac is much larger than the more known Rac = 1708 for an
inﬁnite aspect ratio system, due to the presence of lateral walls.
The area averaged heat currents are calculated as functions of time τ both at the
top (t) and the bottom (b) plates separately,
−κt ∂z T At (z = L, τ )
−κb ∂z T Ab (z = 0, τ )
Nu t (τ ) =
,
Nu b (τ ) =
,
(2.5)
κm /L
κm /L
with . . .A denoting the averaging over the horizontal surface (actually over x only,
since the system is two-dimensional) of the top and bottom plates. We ﬁnd good
agreement of the time averages of Nu t (τ ), Nu b (τ ) (see ﬁgure 2).
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Figure 3. Temperature proﬁles Θ(ξ ) = (T A(ξ ) − Tt )/ for Ra = 104 and  = 40 K for water
at Tm = 40 ◦ C. The symbols indicate the results of the numerical simulation, the lines stem
from the extended Prandtl–Blasius BL theory proposed in Ahlers et al. (2006). The numerical
simulations giveΘ(z). ξ = z/ lBL is the similarity variable. In classical BL theory its scale is
given by lBL = xνm /Ut,b with x being the distance from the plate’s edge; in this ﬁgure in
order to translate to Θ(ξ ) we have chosen the factor lBL such that the curves have the same
slope at ξ = 0 .

To quantify the statistical convergence, we make an uncertainty analysis estimating
the time autocorrelations (see, for instance, Tennekes & Lumley √1972, § 6.4). For a
time-dependent function f (τ ), the error is evaluated as δf = frms 2τI /T; here frms
is the root mean square of f , τI the integral time obtained from the autocorrelation
coeﬃcient of f and T the total simulation time under statistically steady conditions,
i.e. after a transient time τ0 . Considering the error propagation, we evaluate the errors
of Fλ · F , of Fλ and of F at 95 % conﬁdence level as, respectively,

2 
2
δ(Nu NOB )
Nu NOB
δ(Nu OB )
δ(Fλ F ) =
+
,
Nu
Nu NOB
Nu OB
OB

2 
2 
2
δ(Nu NOB )
δ(Nu OB )
δ(F )
(2.6)
+
+
,
δ(Fλ ) = Fλ
Nu
Nu
F
OB


 NOB
 κ b − κt 


δ(Tc ),
δ(F ) = 
κm  
which will be indicated by the error bars in the plots.

3. Mean temperature proﬁles and centre temperature
We will ﬁrst focus on the water case with Tm = 40 ◦ C, corresponding to the
experiments of Ahlers et al. (2006). In ﬁgures 3 and 4 the mean temperature proﬁles,
averaged over the full width 0 6 x 6 L of the cell, are shown for Ra = 104 and
Ra = 108 , respectively and compared with the extended Prandtl–Blasius BL theory
developed in Ahlers et al. (2006) (the speciﬁc procedure adopted for the comparison
is detailed in the caption of ﬁgure 3).
For Ra = 104 the agreement between numerical data and the time independent
extended BL theory is excellent, both for the proﬁles and for the centre temperature.
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Figure 4. Temperature proﬁles at Ra = 108 with  = 40 K and Tm = 40 ◦ C in water. (a)
Horizontally area averaged temperature proﬁles as in ﬁgure 3. Though the centre temperature
Tc is well described by the extended Prandtl–Blasius BL theory, for this relatively large
Ra the numerical temperature z proﬁles show signiﬁcant deviations from those of the
extended BL theory. We attribute these deviations to the plume detachments, which are
not included in the extended Prandtl–Blasius BL theory. To demonstrate this we show in (b)
time averaged temperature z proﬁles at a ﬁxed x value, namely along the middle line x = L/2,
i.e. Θ(ξ )|x = L/2 = (T |x = L/2 − Tt )/. Here the plume activity is expected to be weaker than in
the regions near the sidewalls, which contribute to the area averaged proﬁle in (a). Indeed
DNS and BL theory agree satisfactorily along the centreline.

This good agreement is remarkable as originally the Prandtl–Blasius BL theory has
been derived for semi-inﬁnite or at least long ﬂat plates.
For Ra = 108 there are diﬀerences between the numerical and the BL theory proﬁles,
namely, the numerical proﬁles are somewhat smoother than those from the BL theory
(ﬁgure 4a). At this relatively large Ra such diﬀerences are not unexpected, because
of the enhanced plume activity at larger Ra, which is not included in the extended
BL theory. The plume activity is not homogeneous in the horizontal direction and
the area averages in evaluating Θ(ξ ) in the upper ﬁgure is taken over the whole
container width 0 6 x 6 L, including also the neighbourhoods of the sidewalls, where
the plume convection is preferentially strong. The inﬂuence of the plume convection
can be conﬁrmed by comparing with the numerical, only time averaged z proﬁles
along the middle line x = L/2 (see ﬁgure 4b). These proﬁles show good agreement
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Figure 5. Relative deviation (Tc − Tm )/ of the horizontally area (and time) averaged centre
temperature Tc from the arithmetic mean temperature Tm in terms of  versus the temperature
diﬀerence  for water at ﬁxed Tm = 40 ◦ C for various values of Ra. The nearly linear increase
means that Tc − Tm = const2 + h.o.t. The symbols × correspond to the experimental data in
Ahlers et al. (2006) for the apparatus of 50.62 cm height. The symbols including the horizontal
lines indicated in the upper left corner show the data including the error bars. The error bars
given for the numerical data for Ra = 106 , 107 , and 108 are smaller than the sizes of the
symbols.

with the extended BL theory, much better than those in the upper panel. We attribute
this to the expectation that the plume detachment near x = L/2 is less than that
near the sidewalls, and thus the BL approximation should be more reasonable along
the middle line. It could be objected that the observed deviations might be due to
the inﬂuence of the sidewalls, which are included in the horizontal surface averages
but excluded for the centreline, with only time averaging. To clarify this point we
have performed a DNS with lateral periodic boundary conditions and Γ = 2. The
numerically obtained proﬁles (not shown here) are very close to the surface and time
averaged proﬁles of ﬁgure 4(a) rather than to the time averaged centreline proﬁles
in ﬁgure 4(b). This supports the conclusion that it is the plume ﬂow and temporal
dynamics of the BLs, which is the main reason for the observed discrepancy between
the Prandtl–Blasius BL theory and the area averaged DNS proﬁles.
Nevertheless, in spite of the large deviations in the z-(or ξ -)dependence of the
area averaged temperature proﬁles as shown in ﬁgure 4(a), the centre temperature Tc
obtained from the extended BL theory (Ahlers et al. 2006) still very nicely agrees with
that calculated with DNS. This is conﬁrmed in ﬁgure 5, showing Tc as a function of
the NOBness  for various Ra, ranging from 2 × 103 to 108 . In ﬁgure 6 we display the
Tc shift for ﬁxed  = 40 K and Tm = 40 ◦ C as a function of Ra. Interestingly enough,
beyond some 105 for Ra, the centre temperature Tc is rather independent of Ra. Only
in the immediate range beyond the onset of convection, Tc − Tm is pronouncedly
smaller, reﬂecting the smooth transition to the small value of Tc − Tm in the nonconvecting state. The Ra dependence of Tc is not monotonous, what we attribute
to transitions between the various coherent RB ﬂow patterns in the considered Ra
range.
The results shown in ﬁgure 6 are consistent with previous ﬁndings (Lohse &
Grossmann 1993) that in the Ra range from onset of convection up to about
Ra ≈ 5 · 107 the ﬂow only successively looses its spatial coherence. In this Ra range
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Figure 6. (Tc − Tm )/ versus Ra for water at ﬁxed Tm = 40 ◦ C and  = 40 K. Inset: deviation
of Tc from the centre temperature in the laminar case Tc(lam) at the onset Rac = 2590 of thermal
convection at Γ = 1. Note the strong variation of Tc in a range slightly above Ra = 105 , which
we attribute to transitions between diﬀerent coherent ﬂow structures.
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Figure 7. Nusselt number ratio Nu NOB /Nu OB versus Rayleigh number Ra for water at ﬁxed
values for Tm = 40 ◦ C and  = 40 K. It is also indicated where we are in the steady, periodic
or chaotic regime.

the relative coherence length coherence /L decreases from values far above 1 to values of
order 1/6, see ﬁgure 1 of Sugiyama et al. (2007) in which we have calculated coherence /L
as a function of Ra, based on the unifying theory of Grossmann & Lohse (2000,
2001, 2002, 2004). Only for Ra beyond this transition range up to some 107 , in which
spatially coherent structures are gradually lost, the heat convection is fully turbulent
and the pdf of the ﬂuctuations becomes exponential instead of being Gaussian.
4. Mean heat ﬂux
Similarly to Tc , the Nusselt number ratio Nu NOB /Nu OB displays an only weak
dependence on Ra (see ﬁgure 7). This ratio has been written in (1.2) in terms of two
factors, F and Fλ . The latter one measures the changes of the thermal BL widths
caused by NOB conditions. These widths of the temperature proﬁle are sketched in
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Figure 8. Fλ and F (deﬁned in (1.2) and in the text before) versus Rayleigh number Ra for
water at ﬁxed values for Tm = 40 ◦ C and NOBness  = 40 K. The dashed line corresponds to F
resulting from the BL theory developed in Ahlers et al. (2006). Reasonable agreement between
BL theory and DNS is observed. Fλ in the presently considered water case is compatible with
Fλ = 1 for larger Ra, as in experiment. The signiﬁcant Ra-dependence for smaller and medium
Ra seems to reﬂect the changes of the coherent ﬂow structures still present at these Ra. In
particular, one recovers the window of quite diﬀerent behaviour slightly above Ra = 105 .
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Figure 9. Nusselt number ratio Nu NOB /Nu OB = Fλ · F together with the factors Fλ and F
versus NOBness  for ﬁxed Rayleigh numbers (a) Ra = 104 , (b) Ra = 107 and (c) Ra = 108 .
The working liquid is water at Tm = 40 ◦ C. The dashed lines correspond to F resulting from
the BL theory developed in Ahlers et al. (2006).

ﬁgure 1; quantitatively we deﬁne them in terms of the temperature slopes at the
plates.
t
b
, λslb ≡
.
(4.1)
λslt ≡
| ∂z T At ,τ |
| ∂z T Ab ,τ |
In ﬁgures 8 and 9 we reveal the origin of the Nusselt number modiﬁcation in the NOB
case. In general it is a combination of the -dependence of both factors Fλ and F
in the product (1.2). As shown in ﬁgure 8 for ﬁxed non-Oberbeck–Boussinesqness ,
F displays a weak dependence on Ra for Ra > 104 . This can be understood from the
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Figure 10. Same as ﬁgure 9, but now with a temperature independent (artiﬁcial) thermal
expansion coeﬃcient βm , i.e. with only linear temperature dependence of ρ(T ) as in (1.1). The
-dependences of the factors F and Fλ and thus F · Fλ are diﬀerent from those in the case
of fully temperature dependent β(T ).

weak Ra-dependence of the centre temperature Tc on the NOB changes of the material
parameters (see ﬁgures 5 and 6), and because F = ((κt − κb )Tc − κt Tt + κb Tb )/(κm )
depends on Tc only (for given Tt and Tb ).
On the other hand, the factor Fλ , describing the variation of the thermal BL
thicknesses, shows a rather weak but obvious dependence on the RB ﬂow regimes.
For the fully chaotic regime (Ra > 106 ), the deviation of Fλ from Fλ = 1 is much
smaller than that of F , which indicates that Nu NOB /Nu OB is dominated here by F
and thus by the behaviour of the centre temperature. As shown in ﬁgure 9, which
displays the dependences on the NOBness  for the largest analysed Ra = 107 and 108 ,
the -dependence of Fλ happens to be very small, and for those Rayleigh numbers
Fλ ≈ 1 happens to be a good approximation. This might be due to an incidental
combination of the temperature dependences of the material parameters η(T ), Λ(T )
and ρ(T ) around the chosen mean temperature Tm = 40 ◦ C in the case of water. The
experimental ﬁnding, reported in Ahlers et al. (2006), that Fλ ≈ 1 in a similar Ra
range, for the same Tm = 40 ◦ C, and for  up to 40 K therefore can be considered
as incidental. It is not a general property of NOB Rayleigh–Bénard convection. We
have also checked the inﬂuence of buoyancy on the BL widths as described by Fλ . If
we disregard the T -dependence of β(T ), i. e. the nonlinear temperature dependence
of ρ(T ) in our numerical simulations and thus have a constant β = βm , Fλ shows a
larger deviation from 1 at Ra = 107 and happens to be closer to 1 at Ra = 104 , see
ﬁgure 10, just opposite to the case with full T -dependence of β(T ). Still the nonlinear
temperature dependence of ρ, i.e. the temperature dependence of β, has a relatively
weak eﬀect on Fλ and F and therefore on the Nusselt number modiﬁcation.
The second conclusion we can draw from ﬁgures 8, 9 and 10 is that in all cases F
is correctly described by the BL theory given in Ahlers et al. (2006). As F can be
calculated from Tc only, this is of course to be expected, since Tc is well described by
the extended Prandtl–Blasius BL theory (see ﬁgure 2).
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Figure 11. (colour) Snapshots of the velocity (arrows) and temperature (colour) ﬁelds for
Ra = 108 at Tm = 40 ◦ C, working ﬂuid water. (a) corresponds to the OB case (all material
properties are kept temperature independent, taken at Tm ), (b) corresponds to the NOB case,
both with the same  = 40 K. The temperature colour scheme is in ◦ C, same in both panels.

5. The ﬂow structure and various wind amplitudes
We focus now on the structure of the ﬂow ﬁeld or ‘wind’ in thermal convection.
Although in our two-dimensional simulations we miss interesting but typically threedimensional ﬂow modes (cf. Ahlers et al. 2009, for a summary), even in two dimensions
the velocity ﬁeld is rather complex, as the snapshots in ﬁgure 11 display. Nevertheless
such convection ﬁelds have mostly been described by only one single amplitude U . This
wind amplitude U is a crucial parameter both in the general OB theory (Grossmann
& Lohse 2000, 2001, 2002, 2004) as well as in the extended BL theory dealing
with NOB eﬀects (Ahlers et al. 2006). The Grossman–Lohse (GL) theory hypothesizes
that one needs only one single mean wind amplitude to describe the heat transport
(also for large Ra) and that this amplitude is essentially uniform throughout the cell.
The extended BL theory, developed in Ahlers et al. (2006) for NOB situations,
assumes that such a uniform wind is still present even under NOB conditions and
that in particular the top and bottom BLs see the very same wind amplitude
Ut = Ub = UNOB , in spite of the NOBness. The amplitude UNOB is allowed to be
diﬀerent from UOB , but for the Nusselt number calculations (not for Tc , as detailed
above) its value has to be taken as a parameter of the theory. It is this character
of UNOB as a boundary condition for the Prandtl–Blasius BL equations which leaves
the BL theory incomplete for calculating the heat transport across the RB cell. Thus
neither the Reynolds nor the Nusselt number deviations under NOB conditions can
be predicted, unless further input (data or assumptions) is introduced (as for instance
Fλ = 1).
We organize our analysis of the two-dimensional ﬂow structure as follows. Starting
with the visualization of the dynamical ﬂow ﬁelds, we next introduce a time averaged
convective Eulerian ﬁeld. Then we discuss several sensible possibilities to adequately
deﬁne relevant wind amplitudes quantitatively. Finally, we present our results about
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the dependences of the U amplitudes or Re = U/(νL−1 ) numbers on the Rayleigh
number Ra and the NOBness .
5.1. Dynamical features
For RB convection in water in an aspect ratio Γ = 1 container it is known from
experiment and also noticeable in our two-dimensional DNS ﬂow as shown in
the snapshots in ﬁgure 11, that a large-scale circulation (LSC) with an extension
comparable to the box size L is present both in the OB and NOB cases at Ra = 108 .
In addition and on top of this LSC there are of course ﬂuctuations of the u, T ﬁelds.
The time development of the numerical u ﬁeld shows reversals in the circulation sign,
in agreement with experimental observations (Sreenivasan, Bershadski & Niemela
2002; Brown, Funfschilling & Ahlers 2005; Brown & Ahlers 2006, 2007; Ahlers et al.
2009) and earlier numerical simulations (Hansen, Yuen & Kroening 1992). In threedimensional experiment these reversals can occur either by rotation of the convection
roll’s plane or by cessation and restart; in the two-dimensional numerics of course
only the latter type of reversal occurs. Several models have been developed for these
reversals, see e.g. Sreenivasan et al. (2002); Fontenele Araujo, Grossmann & Lohse
(2005); Benzi (2005); Brown & Ahlers (2007). We shall report on details of our results
about the statistical properties of the reversals in our two-dimensional simulations
elsewhere. In the context of the present paper these reversals only complicate the
statistical analysis of the ﬂow ﬁeld, as long-time averages of the velocity ﬁeld become
zero and wash out the ﬂow structures.
How then to obtain the main features of the dynamical, complex time-dependent u
ﬁeld? To achieve them we consider conditionally time averaged Eulerian ﬁelds as well
as several proﬁles, which partly take the ﬂuctuations into account too. In addition a
global, energy based wind amplitude is introduced.
5.2. Conditionally time averaged velocity ﬁelds
To overcome the problem that long time averages due to the statistical ﬂow reversals
give zero velocity everywhere, we perform conditioned time averages, which take the
time dependent rotational direction of the wind into account. This instantaneous
rotational direction is identiﬁed by the sign of the vorticity at the centre of the
box. Whenever the wind reverts its direction, before performing the standard time
averaging the velocity ﬁeld is mirrored along the vertical centreline. Respecting
this, from the full velocity ﬁeld u(x, t) we can compute another, time averaged,
complete two-dimensional Eulerian-type velocity ﬁeld u(x), in which the respective
local direction of the velocity is coupled to the sign of the central vortex. Componentwise we deﬁne this conditionally time averaged ﬂow ﬁeld as
ux (x, z) = −T−1

t0 +T

dt ux (x̃, z, t) sign ωc (t),
t0
t0 +T

−1

uz (x, z) = T

(5.1)
dt uz (x̃, z, t).

t0

Here T denotes the averaging time, sign ωc (t) is the sign of the vorticity
ω(x, z) ≡ ∂z ux − ∂x uz at the centre of the box (x, z) = ( L2 , L2 ) and x̃ is
x̃ = L/2 + (L/2 − x) · sign ωc (t).
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Figure 12. Lines of constant values for the conditionally time averaged velocity ﬁeld u(x, z)
at diﬀerent Rayleigh numbers Ra = 104 , 106 , 108 in OB convection (a) and NOB convection
(b), both with the same  = 40 K. Counterclockwise velocity direction is drawn with solid lines,
while the clockwise ones are indicated by dotted lines. The OB ﬂow structure, which already
develops secondary (counter) rolls in two opposite corners, enjoys top–bottom symmetry. The
asymmetry in the NOB cases is best seen in the two diﬀerent amplitudes of the corner-ﬂow
rolls, identiﬁed by counting the number of their equally spaced streamlines.

In a similar manner we also deﬁne the conditionally averaged velocity squares as
t0 +T

u2x (x, z) = T−1
u2z (x, z) = T−1

dt u2x (x̃, z, t),

t0
t0 +T

(5.2)

dt u2z (x̃, z, t).

t0

Rather than conditioning on the sign of the vorticity at the centre, one could also
condition on the sign of the total angular momentum, as has been done by van Heijst,
Clercx & Molenaar (2006) (which minimizes the contributions of some high-frequency
oscillations), but for the purpose of this paper the diﬀerence between these two types
of conditional averaging has turned out not to be relevant.
Conditionally time averaged ﬁelds u(x), being time independent objects, allow to
visualize the persistent spatial structures in the ﬂow ﬁeld. Some conditionally time
averaged ﬁelds obtained for diﬀerent Ra numbers are shown in ﬁgure 12.
Note again the large circulation roll in the centre range but also the secondary
counter-rotating rolls in two opposite corners. We remark that such secondary
circulation rolls in nearly-two-dimensional convection have been experimentally
detected by Xia, Sun & Zhou (2003). In our simulations secondary rolls appear for
Ra > 105 . We interpret the secondary rolls as caused by boundary layer separations,
which are known to occur when a ﬂow is heading a perpendicular wall. They might be
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Figure 13. Probability density function of the vorticity ωc at the cell centre at Ra = 106 , 108 .

considered as kind of ‘wakes’ behind the separation. Remarkably, the secondary roles
are of considerable size for the BL separations of the up and down going ﬂows, which
approach the top and bottom plates, respectively, but are nearly invisible for the
horizontal ones, which approach the sidewalls (at least for these Rayleigh numbers).
This might be attributed to the plume creations in the BLs on the bottom and top
plates, which aﬀect the horizontal but not the vertical sections of the ﬂow.
We emphasize that the convergence of the statistics implies that a centre-point
symmetry should be established for the conditionally time averaged ﬁeld u. Indeed,
within 5 % precison we achieve such a centre-point symmetry in our numerical
simulations. As we shall see later this accuracy is by far suﬃcient to discriminate the
main NOB eﬀects in comparison to the OB results.
For information we add the probability density function (PDF) of the centre
vorticity ωc , (non-dimensionalized by the molecular vorticity νm L−2 ), see ﬁgure 13.
Already for Ra = 106 two preferred values of the LSC can be recognized, reﬂecting
clockwise and counter-clockwise rotation of the large scale convection roll. For
Ra = 108 the two preferred vorticities are even more pronounced, reﬂected by the
sharp peaks in the PDF. While in the chaotic phase (Ra ≈ 106 ) the PDF is still broad,
the ﬂow cessations at Ra ≈ 108 are very fast events, since the small probability for
ωc = 0 suggests that the ﬂow changes its direction more or less momentarily, leaving
only a very small probability to ﬁnd ωc = 0.
5.3. Wind proﬁles: amplitudes
Because even the conditionally time averaged velocity ﬁeld as shown in ﬁgure 12 has
a rich spatial structure, it is not immediately apparent how to deﬁne ‘a characteristic
single wind velocity amplitude U ’ unambiguously. Several deﬁnitions have been
proposed in the literature. In the present section we introduce various possible
deﬁnitions for wind amplitudes U and corresponding Reynolds numbers Re = U L/νm ,
by investigating global measures as well as local ones, and also certain proﬁles.
(i) Global. A global measure for the strength (amplitude) of the convection can be
based on the volume average. While the velocity average over the full volume is of
course zero, we can consider the velocity r.m.s. average and obtain the energy-based
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V

Apparently, both the primary centre roll as well as the secondary rolls contribute to
the value of U E . While the primary roll covers the whole interior, which is expected
to be mixed by turbulence and therefore has essentially uniform temperature Tc , the
secondary rolls experience either the cooler top or the hotter bottom regions only.
Since under NOB conditions the viscosity deviations are diﬀerent near the top and
bottom (and, of course, from the bulk), the secondary rolls are expected to have
diﬀerent properties among each other as well as relative to the primary centre roll.
U E represents a well-deﬁned mixture of all of them.
(ii) Local. To deal with the top and bottom diﬀerences, local wind amplitudes
may be introduced by considering the values of the conditionally time averaged ﬁeld
u(x) at particular spatial positions x j in the ﬂow ﬁeld. Particular positions are e.g.
those, where the conditionally time averaged velocity ﬁeld u has peak values U Pj
along some vertical lines, labelled by j . In the following, we shall consider such local
, L2 and
peak amplitudes U Pj at peak positions on vertical lines with abscissas xj = 3L
4
L
. These points Pj roughly correspond to the positions where the main primary
8
), to the ﬂow maxima along the centreline of the
circulation roll is strongest (x1 = 3L
4
container (x2 = L2 ) and to the region where the counter-rotating roll is well developed
(x3 = L8 ).
(iii) Proﬁles. Mixed type wind amplitudes, neither fully global nor fully local, can
be introduced as area averages or rather, in two dimensions, as line averages. The
areas (lines) can either be chosen as top/bottom plate parallel or as sidewall parallel.
The corresponding area averaged wind amplitudes then either, as in the case of plate
parallel averaging, depend on the height z of the area (line) and lead to z-dependent
wind proﬁles; this is relevant for the horizontal wind and its vertical proﬁle Ux (z).
Or they depend, as in the case of vertical line averaging, on the x-distance to the
sidewalls and lead to x-dependent proﬁles; these are relevant for the up rising or
down falling ﬂow and its horizontal proﬁle, denoted as Uz (x).
Such area (line) and time averages are the relevant quantities in the well-known
relations between the energy respective dissipation rates εu , εθ and the nondimensionalized heat current density, i.e. the Nusselt number Nu. While the dissipation
rates are volume averages, the Nusselt number is deﬁned in terms of a horizontal
area average, which by conservation of energy even is independent of height z. One
contribution to Nu comes from the T uz A,t -correlation, the other one from the
gradient of the temperature proﬁle T A,t (z). This justiﬁes to introduce the mentioned
area (line) averages also for velocity components. In particular, the vertical proﬁle
of the horizontal velocity Ux (z) is of interest, as well as the horizontal proﬁle of the
vertical velocity, Uz (x), precisely deﬁned as
Ux (z) = ux x(z) (z),

and

Uz (x) = uz z(x) (x).

(5.4)

where . . .x(z) and . . .z(x) represent the line averaging along the x direction for ﬁxed
z or along the z direction for ﬁxed x.
Area averaged proﬁles are displayed in ﬁgure 14. Surprisingly there are small
ranges with negative (positive) Ux (z) of the area averaged horizontal velocity in the
immediate vicinity of the bottom (top) plates. Formally, their origin is that the area
averaged proﬁles as Ux (z) take notice of the sign of the corresponding local velocities
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Figure 14. The vertical and horizontal velocity proﬁles Ux (z) and Uz (x) as derived from the
conditionally time averaged velocity components ux and uz at three diﬀerent Ra numbers
104 , 106 , 108 . The abscissa and ordinate scales are the dimensionless width and height. The
upper scales show the horizontal velocity proﬁles non-dimensionalized with νm /L, i.e. Rex (z);
the right scales show the vertical velocity’s Uz (x) proﬁles, also non-dimensionalized by νm /L.
Note the increase of the Rex,z scales with increasing Ra. Dashed lines indicate the OB case,
full lines the NOB case. In both cases  = 40 K. Also indicated are the corresponding thermal
slope BL widths λsl
b,t , which strongly decrease with Ra.
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Figure 15. The vertical and horizontal
 rms velocityproﬁles Ux (z) and Uz (x) as derived
from the area averaged r.m.s. ﬁelds u2x x,t (z) and u2z z,t (x) at three diﬀerent Ra numbers
104 , 106 , 108 . The scaling schemes for the abscissa and ordinate, the representations of the lines
and the conditions are the same as in ﬁgure 14. Note the diﬀerent magnitudes (scales) for the
diﬀerent Ra.

and these in the secondary rolls are opposite to that of the centre roll. Thus one
clearly sees the eﬀects of the secondary rolls in the inversion of the vertical proﬁle in
the neighbourhood of the bottom and top plates. Physically this might be interpreted
that plumes in this range of small distances from the plates are mostly advected in the
opposite direction until they come farther away. One also observes broken top–down
symmetry. This is caused by the secondary rolls, since these cover regions of diﬀerent
temperatures.
(iv) r.m.s. proﬁles. In addition to area averages of the (conditionally time averaged)
velocity components themselves one might also wish to analyse area averages of the
r.m.s. ﬁelds of the corresponding components, deﬁned as



rms
rms
2
2
(5.5)
Ux (z) = ux x(z) (z) = ux x(z),t (z), and Uz (x) = u2z z(x) (x).
These are displayed in ﬁgure 15.
rms
one also observes the kink and the broken symmetry as
In the r.m.s. proﬁles Ux,z
in the averaged velocity proﬁles Ux,z in ﬁgure 14, but no change in sign, of course.
The preferentially strong plume convection near the sidewalls is clearly reﬂected in
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Figure 16. Several energy and peak based Reynolds numbers in the OB case versus Ra for
water at Tm = 40 ◦ C. The temperature diﬀerence between bottom and top is  = 40 K.

the Uzrms (x) proﬁles and their sharper peaks as well as apparently signiﬁcantly smaller
boundary layers than in the Uxrms (z) proﬁles. In the vertical proﬁles of Uxrms (z) the
near-wall inversion (owing to the opposite sign of the velocity in the secondary and
centre rolls) is not present, in contrast to the amplitude averaged Ux (z) proﬁle in
ﬁgure 14, since Uxrms is positive everywhere. Instead, one recognizes the signature of
the secondary roll eﬀect as the steep slope in the Uxrms proﬁle between the plate and
its maximum position.
Experimentally, often Lagrangian ﬂow properties as, for example, the plume
turnover times are used to characterize in particular the large-scale coherent ﬂow.
We emphasize that such features should be identiﬁed in the Ux (z), Uz (x) proﬁles.
The Uxrms (z), Uzrms (x) proﬁles, instead, reﬂect the energy strengths of the considered
components. In the following we will use two diﬀerent velocity amplitudes deﬁned on
the local maxima of the horizontal proﬁles Ux (z) and Uxrms (z), denoted respectively as
UxM2 , Uxrms,Mrms , where the super-script M2 indicates the second (and positive) maximum
on Ux (z). In ﬁgures 14 and 15, the z distances, at which the velocities have the values
UxM2 and Uxrms,Mrms , respectively, are comparable. Both are located within the thermal
BL at Ra = 104 while they are outside at Ra = 106 and 108 . Furthermore, NOB eﬀects
on the maximum positions are observed to be Rayleigh number independent, in
the sense that one observes shifts of comparable size towards the bottom plate at
Ra = 104 and 106 . However, as we shall see later, one notices slight diﬀerences because
the non-trivial spatio-temporal ﬂow structure is diﬀerently reﬂected in the Ux and
Uxrms proﬁles.
5.4. Scaling of amplitudes with Ra, Oberbeck–Boussinesq case
Having described the ﬂow structures and the deﬁnitions of several relevant measures
for the magnitude of the thermally driven convection, we now oﬀer our results
on the Ra- and -dependence of the various U amplitudes and the corresponding
Reynolds numbers Re = U/(νm L−1 ). We start with the OB case, i.e. having temperature
independent material parameters throughout the container, their values taken at the
given arithmetic mean temperature Tm . Figure 16 shows the scaling of ReE , ReM2 and
Rerms,Mrms with Ra for the OB case.
E
versus Ra curve around Ra ≈ 105 is due to changes in
The structure in the ReOB
the still present coherent ﬂow patterns, implied by the boundary conditions. They
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Figure 17. Reynolds numbers RePj at xj = 3L
4 (triangles), 2 (crosses), 8 (circles) in the OB case
versus Ra for water at Tm = 40 ◦ C; again  = 40 K. The inset shows a sketch of the ﬂow with
the positions of the velocity peaks being indicated by the three diﬀerent symbols.

are observed in the Nu behaviour too (not shown here), and are also detected in
experiment, see for instance Threlfall (1975). For water as the working ﬂuid the
typical spatial coherence length (in terms of L) of the coherent ﬂow structures has
decreased to about order 0.1 only in the Ra range between some 107 and 108
(Sugiyama et al. 2007). A power-law ﬁt, ReE = cRa γ , in the range 7 · 105 6 Ra 6 108 ,
corresponding to the transition range from chaotic to turbulent behaviour, gives the
exponent γ = 0.62.
, see ﬁgure 17, is more noisy but scalingThe behaviour of the RePj at xj = L8 , L2 , 3L
4
wise similar to (at least compatible with) ReE , although in RePj the spatial structures
of the ﬂow ﬁeld are well taken into account. ReE is more robust with respect to the
convergence of the statistics. Experimentally at moderate Ra the Reynolds numbers
may scale diﬀerently, cf. Lam et al. (2002). In that reference the Reynolds number
based on the maximum horizontal velocity near the bottom plate outside the BL is
reported to scale ∝ Ra 0.70 for Ra 6 2 · 107 and ∝ Ra 0.495 for Ra > 2 · 107 . The set of
exponents γ obtained in our simulation for ReE and the three RexPj (γ
0.62) are
therefore reasonably consistent with experimental ﬁndings.
5.5. Scaling of amplitudes with Ra and , non-Oberbeck–Boussinesq case
We now study the NOB case, starting with the conditionally time averaged
velocity ﬁeld u, which now is bottom–top asymmetric. In particular, there is
thinning/thickening of the bottom/top kinetic BLs. For the wind amplitudes based
on the peak values of u along vertical lines we can distinguish between bottom and
P
P
top peak velocities Ub j and Ut j for the various xj -lines. As shown in ﬁgure 18, the
Px = L/2
Px = L/2
/Ret
characteristic for the peak velocities taken in the main primary
ratio Reb
circulation roll converges to unity as Ra is increased up to Ra ≈ 108 and  kept ﬁxed.
This shows that for the primary roll, which scans the bulk of the convection cell, a
single velocity amplitude develops in the turbulent range also under NOB conditions,
just as assumed in the BL theory introduced in Ahlers et al. (2006, 2007). This is also
M
found in ﬁgure 19, where the peak velocity scales are replace by Ux 1,2 and Uxrms,Mrms . In
particular, the large variation in the bottom/top Reynolds number ratio in ﬁgure 18,
which reﬂects the spatial inhomogeneity in the velocity distribution, is smoothened by
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Figure 18. Ratio Reb;j NOB /Ret;jNOB versus Ra for the diﬀerent peak positions in the cell.
Note that due to the centre-point symmetry of the conditionally time averaged ﬁeld u, the
peak positions along the lines xj,b = L8 , L2 , 3L
4 for the bottom part have to be compared with
L L
the peak positions along xj,t = 7L
8 , 2 , 4 for the top part. The ﬁgure shows that the main
convection loop for large Ra establishes a uniform velocity amplitude, while the secondary
counter-rotating rolls do not enjoy the same property. Instead, since they are BL-dominated
rather than bulk-dominated, they show signiﬁcant NOB bottom–top asymmetry. Note that the
accuracy of this test may be assessed from the level of the centre-point asymmetry we had
in the OB case, which was always below 5 %. Therefore we may conclude that in the chaotic
P
P
regime there are no NOB deviations distinguishable for the Reb;j NOB /Ret;jNOB ratios at the two
L 3L
positions x2,3 = 2 , 4 . But there is a signiﬁcant deviation for L/8, i.e. for the secondary rolls’
ratios.
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Figure 19. Same as ﬁgure 18, but with the peak values of the horizontal area averaged
velocities UxM2 and Uxrms,Mrms taken for the velocity scales.

taking the area average as indicated by the almost ﬂat proﬁles of UxMi and Uxrms,Mrms
in ﬁgure 19.
The secondary rolls, counter-rotating to the primary roll, have diﬀerent wind
amplitudes near bottom and top, as becomes apparent in the bottom–top ratio at
the line x1,b /L = 0.125 and its mirror at the top x1,t /L = 1 − 0.125. The secondary
roll at the warmer bottom plate is faster than the corresponding secondary roll near
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Figure 20. The Reynolds number ratio
based on the total kinetic energy for
E
E
water at Tm = 40 ◦ C. (a) ReNOB
/ReOB
versus  for various choices of ﬁxed Ra. The symbols
including the horizontal lines indicated in the upper left corner show the data including
the error bars. The numerical data for Ra = 106 and larger are given with statistical error
E
E
/ReOB
versus Ra at ﬁxed non-Oberbeck–Boussinesqness  = 40 K. The full
bars. (b) ReNOB
sl
sl
line is calculated from BL theory under the assumption that λsl
b + λt = 2λOB , i.e. Fλ = 1. The
dashed line indicates the limit  → 0 where the Reynolds number ratio approaches 1. For the
explanation in terms of the T -dependence of β see text, in particular (5.6).

the top plate. We understand this from the smaller viscosity near the bottom due to
the higher temperature. For the working ﬂuid water and  = 40 K the bottom–top
asymmetry is as large as ≈ 25 %
We therefore calculated the NOB/OB ratio of ReE versus  for various values
of Ra as well as versus Ra at ﬁxed non-Boussineqness  = 40 K. This is shown in
ﬁgure 20. We observe that NOB eﬀects are clearly present, although rather weak only,
of order 2 %, indicating a small increase of the kinetic energy based mean velocity.
The reason for the rather small NOB eﬀect on the global wind amplitude in spite of
the large changes of the bottom and top velocities is that the secondary rolls only
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contribute a limited fraction to the global volume average. Also, the OB-to-NOB
changes of the velocities of the secondary rolls are opposite in sign, one contributing
a larger (bottom), the other contributing a smaller (top) amplitude. The remaining
net change of the global amplitude U E thus again is due to the nonlinear temperature
dependences of the material parameters, producing diﬀerent secondary roll velocities
at bottom and top. This crucial importance of the nonlinearities in the temperature
dependence of the material properties was already found in Ahlers et al. (2006).
Let us recall that the Nusselt number becomes smaller with increasing  as
was shown in ﬁgure 9. Therefore, although the global Reynolds number ratio is
enhanced under NOB conditions, the overall heat transport is attenuated. We have
also included in ﬁgure 20 a comparison with BL theory. We remind that to make this
theory predictive an additional assumption on Fλ (e.g. Fλ 1) has to be made. Note
that the extended BL theory in this form underestimates the NOB eﬀect on the wind.
As the origin of this discrepancy we can now identify the eﬀect of the temperature
dependence of the thermal expansion coeﬃcient, which by (Prandtl-)Ansatz is not
included in the BL equations in Ahlers et al. (2006). For this explanation we oﬀer the
following argument. As a naive estimate one can assume that the volume averaged
velocity
scale U E in essence should coincide with the free-fall velocity, that is U E
√
gLβ(T ). This corresponds to the scaling Re ∼ P r −1/2 Ra 1/2 . Assuming then that
the temperature of the bulk is dominated by Tm and Tc respectively in the OB and
NOB cases, one gets

1/2
E
β(Tc )
ReNOB
∼
.
(5.6)
E
ReOB
β(Tm )
This is in encouraging agreement with the DNS data, cf. ﬁgure 20. We note that
E
E
/ReOB
∼ (β(Tc )/β(Tm ))γ with γ = 0.62 is consistent with the data of
also ReNOB
E
∼
ﬁgure 20(a), rather than γ = 1/2 as suggested in (5.6). This ﬁnding implies ReNOB
3
γ
E
3
γ
γ
(βc L /(κm νm )) , similar to ReOB ∼ (βm L /(κm νm )) = Ra as seen for the OB case
of ﬁgure 16. Note that of course βc L3 /(κm νm ) is not the control parameter Ra.
As a further support of our argument emphasizing the importance of the
temperature dependence of the thermal expansion coeﬃcient in the bulk we also
E
E
/ReOB
for a hypothetical liquid, which has all material properties as
calculated ReNOB
water, apart from the thermal expansion coeﬃcient β, which we keep constant at βm ,
E
E
see ﬁgure 21. Indeed, ReNOB
now only shows a smaller than 1 % deviation from ReOB
,
E
E
even at  = 60 K. These tiny deviations from ReNOB /ReOB = 1 are consistent with
the results from the Prandtl–Blasius theory with the additional assumption Fλ = 1.
Figure 21 thus conﬁrms that the main origin of the NOB deviation in the Reynolds
number ReE is the temperature dependence of the thermal expansion coeﬃcient, an
eﬀect which clearly cannot be captured in the Prandtl–Blasius BL theory.
The changes of ReE caused by the loss of OB conditions can be analysed
quantitatively in detail. For this we decompose the volume average into three regions,
corresponding to the main, primary, LSC and the two secondary lower and upper
corner rolls.
(ReE )2 = aLSC Re ELSC

2

+ alower Re Elower

2

2

+ aupper Re Eupper .

(5.7)

Here aα denotes the ratio of the area Aα occupied by the region α, with α = LSC,
lower, or upper secondary roll, to the total area, and ReαE is the Reynolds number
based on the kinetic energy averaged over each area Aα


E
1
LU
1 2
α
ReαE =
with UαE =
d2 x
ux (x) + u2z (x) .
(5.8)
νm
Aα Aα 2
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Figure 21. Same as ﬁgure 20(a), but here with only linear dependence of ρ(T ) on the
temperature T , meaning that the thermal expansion coeﬃcient β(T ) is set to the constant
value βm . Note that under this approximation there is good agreement with the results from
BL theory and Fλ = 1 for large Ra, which means that the thermal convection takes signiﬁcant
notice of the full T -dependence of the thermal expansion coeﬃcient β. BL theory misses that
per construction.

The lower secondary roll is characterized
 z by a clockwise rotation and negative values
of the u(x)-stream function ψ(x, z) = 0 dẑ ux (x, ẑ). The region Alower of the lower
corner roll is deﬁned by ψ 6 0, x 6 L/2 and z 6 L/2, while for the upper corner roll
we have ψ 6 0, x > L/2 and z > L/2. The remaining region comprises the primary
main roll, LSC.
The insets of ﬁgure 22 show the (squared) NOB/OB Reynolds number ratios
(Re Eα,NOB )2 /(Re Eα,OB )2 for each region α at Ra = 108 . The insets both in the upper
and lower panels reveal that the largest NOB enhancement of the kinetic energy
occurs inside the lower corner secondary roll (near the warmer bottom plate), as
Px=L/8
Px=7L/8
already found in the bottom–top asymmetry of the peak velocity Reb,NOB
/Ret,NOB
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Figure 22. The relative deviation of the kinetic energy {aα,NOB (Reα,NOB
)2 − aα,OB (Reα,OB
)2 }
E 2
8
◦
/(ReOB ) in region α due to NOB eﬀects for water at Ra = 10 and Tm = 40 C. The label α
denotes the portion of the LSC roll in the centre region (as indicated by the solid lines in
ﬁgure 12), or the secondary counter-rotating rolls in the lower and upper corners (given by the
z
dashed lines in ﬁgure 12). The partition is determined by using the sign of ψ = 0 dẑ ux c (x, ẑ),
e.g. the lower corner ﬂow is deﬁned as the region satisfying ψ 6 0, x 6 L/2 and z 6 L/2. (a) the
full temperature dependence is considered for the buoyancy g(1 − ρ/ρm ) as given in Table 1.
(b) restriction to only linear dependence of the buoyancy with respect to the temperature
T , i.e. the thermal expansion coeﬃcient β(T ) = βm is constant. The insets show the (squared)
NOB/OB Reynolds number ratio in the each region.

in ﬁgure 18. But even this enhancement does not impact signiﬁcantly on the overall
ReE change because the volume ratio of each corner ﬂow is only alower = aupper ≈ 9 %,
i.e. the spatial extension of both secondary rolls is about the same, while the main
volume fraction is aLSC ≈ 82 %. This is even more pronounced in the OB case, where
E
E
)2 /(ReE )2 = 0.05 and aLSC (ReLSC
)2 /(ReE )2 = 0.90, while for the NOB case
alower (Relower
at  = 40 K these fractions are 0.07 and 0.04 for the lower and upper secondary
rolls, and the primary LSC contributes 0.89. To visualize these contributions of each
subvolume α to the overall change, we show in ﬁgure 22 the normalized kinetic energy
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E
2
E
2
E 2
deviation {aNOB ,α (ReNOB
,α ) − aOB ,α (ReOB ,α ) }/(ReOB ) due to the NOB eﬀect. The
upper panel proves that the NOB enhancement of the total kinetic energy is primarily
due to the LSC and secondarily to the lower corner roll. For comparison we plotted
the corresponding deviations in the lower panel for a hypothetical ﬂuid with thermal
expansion coeﬃcient ﬁxed at βm . Then the enhancement of the LSC contribution is
much smaller, while the attenuation and enhancement respectively in the upper and
lower secondary rolls are comparable and in addition compensate each other. This
leads to the much smaller change in the total kinetic energy in ﬁgure 21 as compared
with the case when allowing the full temperature dependence of β(T ) in ﬁgure 20.
Apparently the nonlinear temperature dependence of the buoyancy is very important.
Note that the derivative of the buoyancy ∂ (g(1 − ρ/ρm )) /∂T , corresponding to the
driving force per temperature displacement, increases when increasing the temperature
deviation (T − Tm ) because the coeﬃcient C2 for the buoyancy expression as reported
in Table 1 is positive. Therefore the buoyancy force gets larger and the bulk kinetic
energy is more enhanced for given temperature deviation T − Tc , if the mean bulk
temperature Tc is larger than Tm as observed in ﬁgures 2 and 6.

6. Summary and conclusions
In summary, we have studied the temperature proﬁle, the heat current density
and the properties of the large scale convections as deﬁned by several representative
velocity scales. The centre temperature Tc and the Nusselt number ratio Nu NOB /Nu OB
resulting from the two-dimensional numerical NOB simulations are in good agreement
with the available experimental data for water (Ahlers et al. 2006). Ahlers et al. (2006)’s
experimental ﬁnding Fλ = 1 for water is argued to be incidental, originating from the
speciﬁc temperature dependences of the material constants of water at 40 ◦ C. This
ﬁnding cannot be generalized to other ﬂuids or to other mean temperatures. For
water the heat ﬂux reduction due to the deviations from OB conditions is for all
practical purposes due to the modiﬁed temperature drops over the BLs, represented
by F , whereas for other working ﬂuids it is inﬂuenced also by the changes of the
thermal BL thicknesses, expressed by Fλ .
The results of the simulations also agree with Ahlers et al. (2006)’s predictions for
the central temperature, which is based on an extended Prandtl–Blasius theory. As
that theory per construction ignores plumes and sidewall eﬀects, these apparently
hardly contribute to the determination of the central temperature Tc . However, they
do contribute to the shape of the temperature proﬁles. Our simulations reveal their
increasing eﬀect on the proﬁles with increasing Ra. As the overall heat transfer
is determined by the slope of the temperature proﬁles at the plates, it is to be
expected that with increasing Ra the plumes increasingly aﬀect the Nusselt number,
in coherence with Grossmann & Lohse (2000, 2001, 2002, 2004)’s unifying theory.
The second part of the paper is devoted to the ﬂow organization in the OB and
the NOB cases. First of all, also in the NOB case the large scale convection roll is
characterized by only one velocity scale. In contrast, the top and bottom corner ﬂows
have diﬀerent velocity scales in the NOB case, reﬂecting the enhanced and reduced
viscosities close to the respective plates. We deﬁned various diﬀerent velocity scales,
based on global and area averages and peaks in the proﬁles and analysed how these
change under NOB conditions. For the ratio of the energy based Reynolds numbers
E
E
/ReOB
≈ (β(Tc )/β(Tm ))1/2 , i.e.
which also is representative for the others we ﬁnd ReNOB
NOB deviations in the Reynolds number are strongly governed by the temperature
dependence of the thermal expansion coeﬃcient. This ﬁnding suggests that ﬂuids
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which display no or only a weak temperature dependence of the thermal expansion
coeﬃcient hardly show any NOB eﬀects on the Reynolds numbers.
From our point of view the two next steps in numerical work on NOB correction
for RB ﬂow are: (i) Study the detailed modiﬁcations of the various BL thicknesses and
proﬁles through NOB eﬀects, and (ii) conﬁrm that at least for Prandtl number of 1 and
larger the ﬁndings of this paper also hold for three-dimensional RB ﬂow. Moreover,
NOB experiments focusing on the ﬂow organization, BL layers and Reynolds number
modiﬁcations would be very desirable.
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