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ABSTRACT

The orientational dynamics of inertialess anisotropic particles transported by two-dimensional convective turbulent flows display a coexistence of regular and chaotic features. We numerically demonstrate that very elongated particles (rods) align preferentially with the direction
of the fluid flow, i.e., horizontally close to the isothermal walls and dominantly vertically in the bulk. This behavior is due to the presence of a
persistent large scale circulation flow structure, which induces strong shear at wall boundaries and in up/down-welling regions. The near-wall
horizontal alignment of rods persists at increasing the Rayleigh number, while the vertical orientation in the bulk is progressively weakened
by the corresponding increase in turbulence intensity. Furthermore, we show that very elongated particles are nearly orthogonal to the orientation of the temperature gradient, an alignment independent of the system dimensionality and which becomes exact only in the limit of
infinite Prandtl numbers. Tumbling rates are extremely vigorous adjacent to the walls, where particles roughly perform Jeffery orbits. This
implies that the root-mean-square near-wall tumbling rates for spheres are much stronger than for rods, up to O(10) times at Ra ≃ 109 . In
the turbulent bulk, the situation reverses and the rods tumble slightly faster than isotropic particles, in agreement with earlier observations in
two-dimensional turbulence.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5141798., s

I. INTRODUCTION
The rotational dynamics of small anisotropic material particles
(e.g., rods or disks) in turbulent flows has been the focus of a series
of recent studies (see Ref. 1 for a review). A few state-of-the-art
experiments2–7 as well as several numerical simulations and theoretical studies8–13 have highlighted their complex behavior, which is,
in part, inherited from the non-trivial dynamics of the velocity gradient tensor along Lagrangian trajectories in developed turbulence.
Preferential alignments of particles with intrinsic orientations of the
small scale turbulence structures have been observed. For example, prolate particles preferentially align with the vorticity direction,9
which also tends to be in line with the second eigenvector of the rate
of strain tensor.8 In contrast, oblate particles are mostly orthogonal to such a direction, and as a consequence, they tumble much
faster than rod-like ones.2 However, while the phenomenology of
orientations is now clear for homogeneous and isotropic turbulent
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flows (at least for particles of weak inertia), much less explored
remains the case of non-homogeneous turbulent flows.1 Steps in
this direction have been made for prolate particles evolving in mixing layers and jets,14,15 in turbulent pipe and channel flows,16–20
and more recently in high-Reynolds number Taylor–Couette flow
where the evolution of rigid fibers has been experimentally tracked.21
In this study, we extend the investigation of anisotropic particle
dynamics to the paradigmatic case of turbulent convection in the
Rayleigh–Bénard (RB) system, which displays both an inhomogeneous and anisotropic flow. This study represents a first step into
the exploration of this complex system, and for this reason, we limit
the investigation to the case of a two-dimensional convective flow
advecting anisotropic particles. A similar simplifying approach has
been adopted in the past for other types of flows.22,23 It is, however, expected that the effect of the dimensionality of the system
affects the statistics of rotations of anisotropic particles, as it has
been shown in Ref. 23 for the case of two-dimensional turbulence
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as compared to three-dimensional developed turbulence. This study
aims at addressing the following open questions: (i) How is the orientation and the rotation of rods affected by the non-homogeneity
of the turbulent convective flow? Specifically, what is the effect of
coherent flow structures that characterizes a thermal-driven flow,
in particular, the boundary layer (BL), the thermal plumes, and the
large scale circulation (LSC)? (ii) What are the trends at varying
the particle shape aspect-ratio and the turbulence intensity (i.e., the
Rayleigh number)? (iii) Finally, in which respect the phenomenology of rod dynamics in a 2D system is different from the one
in 3D?
This article is organized as follows: In Sec. II, we present the
methodology adopted in this study, in particular, we define the
model system and concisely describe the set of numerical experiments that have been carried on. Section III will first present the
basic phenomenology of the system. It will then guide the reader
through the analysis of preferential alignment, tumbling rate, and
their dependences on the particle anisotropy and on the level of
turbulence in the flow. Section IV summarizes the main findings
of this study and its implications and discusses still open topics and perspectives. In the Appendix, we provide the derivation
of the predictions for the tumbling rate of anisotropic particles
in two-dimensions that have been checked against the numerical
measurements in this work.
II. METHOD
The approach adopted in this study is numerical. We perform
a numerical integration of the Boussinesq system of equations
∂t u + u ⋅ ∂u = −∂p/ρ0 + ν ∂ 2 u + βg(T − T0 )ŷ,

(1)

∂ ⋅ u = 0,

(2)

∂t T + u ⋅ ∂T = κ ∂ 2 T,

(3)

where u(x, t) and T(x, t) are the velocity and temperature fields,
respectively, and the parameters are the kinematic viscosity (ν),
the thermal diffusivity (κ), the reference density (ρ0 ) at temperature T 0 , the thermal expansion coefficient with respect to the same
temperature (β), and finally the intensity of gravitational acceleration (g). The domain is rectangular and two-dimensional, with size
H in the vertical direction (y-axis) and L = 2H in the horizontal
one (x-axis). The boundary conditions on the horizontal planes are
no-slip for the velocity, u = 0, and isothermal for temperature, T
= T 0 ± ΔT/2, with larger temperature at the bottom wall. The lateral
boundary conditions are periodic for all fields. The latter choice is
made for simplicity in order to have a single direction of statistical
non-homogeneity in the flow, i.e., the direction perpendicular to the
walls. The flow is seeded with point-like anisotropic particles with
position, r(t), and orientation, p(t), described by the following set of
equations:24
ṙ = u(r(t), t),
ṗ = Ωp +

α2 −1
(Sp − (p ⋅ Sp)p),
α2 +1

(4)
(5)

where S = (∂u + ∂uT )/2 and Ω = (∂u − ∂uT )/2 represent, respectively, the symmetric and anti-symmetric components of the fluid
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TABLE I. Main parameters of the numerical simulations: the Rayleigh number Ra, the
horizontal (Nx ) and vertical (Ny ) size of the grid, the total duration of the simulation
τ in integral turnover time units τ H = H/urms , and the total number of particles (Np )
evolved in each simulation.

Ra
2.44 × 105
1.95 × 106
1.56 × 107
1.25 × 108
1.00 × 109
8.00 × 109

Nx × Ny

τ/τ H

Np

128 × 64
256 × 128
512 × 256
1024 × 512
2048 × 1024
4096 × 2048

280
242
159
188
135
22

1.25 × 105
1.25 × 105
1.25 × 105
2.5 × 105
106
4 × 106

velocity gradient tensors, ∂u, and α is the aspect ratio of the particle assumed to be ellipsoidal and defined as major (l) over minor (d)
axis α = l/d. In two dimension, the orientation equation (5) can be
conveniently simplified by introducing the orientation angle θ with
respect to the horizontal axis, p = (px , py ) = (cos θ, sin θ), and taking
into account the incompressibility of the flow (see Subsection 1 of
the Appendix),
1
θ̇ = ω −
2

α2 −1
[S
α2 +1 xx

sin(2θ) − Sxy cos(2θ)].

(6)

Note that (5) is invariant with respect to the transformation p → −p,
meaning that it describes fore-and-aft symmetric particles, and as a
consequence, (6) is invariant with respect to the transformation θ
→ θ + π.
We finally note that, when adimensionalized, e.g., by using H,
τ κ = H 2 /κ, and ΔT as reference scale for length, time, and temperature, respectively, the above model system has four independent
parameters, the Rayleigh number Ra = βgΔTH 3 /(νκ), the Prandtl
number Pr = ν/κ, and the geometrical aspect ratio of the domain
Γ = L/H and of the particle α. However, in the forthcoming analysis, it will also be convenient to consider as√
a reference time scale,
the dissipative time scale of the flow, τη = ν/ϵ̄, with ϵ̄ being the
global mean energy dissipation rate. √
In the RB system, such a time
scale can also be expressed as τη = τκ / Ra(Nu − 1), where Nu is the
mean Nusselt number in the system.
In this study, we explore the particle aspect ratio dependency
α and the Ra number that parameterizes the strength of the thermal convection in the flow. We evolve N p = O(105 − 106 ) particles
divided into 20 aspect ratio types, logarithmically spaced in the interval α ∈ [1, 100]. The Rayleigh number spans the range Ra ∈ [2.44 ×
105 , 8 × 109 ]. The simulations are performed through a well-tested
computational fluid dynamics code, already adopted in a series of
previous studies.25 Table I reports the relevant control parameters in
the numerical simulations.
III. RESULTS
We begin with a detailed analysis of the particles’ alignment and
tumbling rate as a function of their aspect-ratios in prescribed flow
conditions at Ra = 109 and Pr = 1. The dependence of these phenomena on the strength of the thermal forcing, parameterized by the Ra
number, will be addressed in Sec. III C.
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A. Preferential alignment
Figure 1(a) displays a visualization of an instantaneous configuration of highly anisotropic particles, a set of 5 × 104 particles with
α = 100, together with the fluid flow field streamlines and a heat-map
of the temperature field. One can appreciate the fact that the particle orientation is visually correlated with the flow structures. Close
to the walls, particles appear preferentially horizontal, while along
and inside upwelling and downwelling thermal plumes, they look
predominantly vertical. Furthermore, they seem to be influenced by
the presence of a LSC flow structure, which is evident from the clear
tendency to align along streamlines, and to a minor extent by the
presence of secondary gyres in the system.
In order to better appreciate the trend displayed by the particles’ orientation as a function of their local position, one can use the
nematic order parameter23
N ≡ 2 (p ⋅ x̂)2 − 1 = 2(cos θ)2 − 1,

(7)

which takes the value 1 in the case of a perfect horizontal alignment along the x-axis and −1 if the particles are vertically aligned.
The visualization, provided in Fig. 1(b), shows the local value of
N for the same instant of time presented in panel (a). The phenomenon of (i) preferential alignment at the wall, (ii) the vertical
orientation in plume dominated regions, and (iii) the ordering effect
along streamlines produced by energetic vortices is more evident.
It is worth noting that, due to the random initial conditions that
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we adopted for the particle orientations, the quantity N cannot be
approximated to a smooth field, not even in the long time.26 This
is the reason why in Fig. 1(b) we still observe dots of a different
color inside large domains of particles mostly aligned along the same
direction.
In order to quantitatively appreciate the mean trend displayed
by the orientation as a function of the position in the system, specifically the distance from the walls, and at the same time as a function
of the aspect ratio of the particles, we compute the average ⟨N⟩(y),
where ⟨. . .⟩ is taken over time and over the particles with the given
y ± δy coordinates. The interpretation of the mean value of the
nematic order parameter over a given region of space is slightly different than its instantaneous value, while the meaning of the limiting
cases ±1 remains the same, and the zero value is likely to indicate
a statistically isotropic distribution (given the unsteady nature of
the flow, the case in which all particles at a given height are oriented on ±45○ angle is unlikely). Figure 2 shows how the mean
orientational ordering varies as a function of the distance from the
top and bottom walls, that is to say, in the direction of inhomogeneity in the flow. One can note the symmetry of the curves with
respect to the midplane, which attests the excellent convergence of
the simulations. For the isotropic particles, α = 1, as expected there
is no preferential orientation and ⟨N⟩ = 0 at any level. However,
as soon as the shape anisotropy comes into play, particles tend to
align preferentially horizontally next to the walls and weakly vertically in the bulk of the system. It appears that, at the considered

FIG. 1. (a) Visualization of anisotropic particles with aspect
ratio α = 100 in the Rayleigh–Bénard convective flow at Ra
= 109 and Pr = 1. The size of the particle is arbitrary. The
color maps the temperature value, while the gray curves
represent the instantaneous flow streamlines. (b) Visualization of the corresponding nematic order parameter N. The
value 1 (red) indicates horizontal alignment, while −1 (blue)
indicates the vertical alignment.
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FIG. 2. Local nematic order parameter as a function the distance from a horizontal
wall in the system for different particle aspect ratios at Ra = 109 and Pr = 1. We
compute the average ⟨N⟩(y), where ⟨. . .⟩ is taken over time and over the particles
with the given y ± δy coordinates, here with δy = H/(2Ny ). It is shown that the more
anisotropic the particle is, the more it displays a nonrandom orientation. For high
values of α, the alignment is nearly perfectly parallel to the wall in flow regions
close to the wall, while in the bulk, a clear tendency to be perpendicular to the
walls is observed.

Ra, for all particle anisotropic classes, the statistically random orientation region occurs at roughly one third of the box height. In
the case of highly anisotropic particles (α = 100), the orientation is
nearly perfectly horizontal at the system boundaries. We stress that
this remarkable effect cannot be related to the direct interaction of
the rods with the walls (wall–rods collisions are not implemented in
our model system), but it is rather a dynamical effect mediated by
the properties of the fluid gradient at the particle position in that
region of the domain. We will come back later on this important
feature.
So far we have observed that the particles preferentially align
along the Cartesian axis of the system. However, since the particles
do not interact directly with the wall boundaries, this must be a consequence of the structure of the flow field in the system. In order
to better understand this aspect, we measure the average orientation
angle of the particle with respect to a given vector a, and this is done
by taking
Θa = ⟨arccos ∣p ⋅

a
∣⟩,
∥a∥

where it is to be noted that Θa ∈ [0, π/2] due to the fore-aft symmetry of the particles. The average orientation angle is measured
with respect to different vectors, i.e., the generic vector a is taken
to equal, respectively, the horizontal direction (x-axis), the fluid
velocity u, the eigenvector e1 corresponding to the largest eigenvalue of the strain rate tensor S, and the temperature gradient ∂T.
The results reported in Fig. 3 illustrate the behavior of the mean
angle at increasing the distance from the wall. The overall strongest
alignment is found for highly anisotropic particles in the direction
of the flow, u [Fig. 3(b)]. We note that such an alignment is very
strong near to the system boundaries, where the velocity is mostly
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FIG. 3. Mean orientation angle with respect to the first eigenvector of the rate-ofstrain tensor e1 (a); the fluid velocity vector u (b); the x axis (c); and the temperature gradient ∂T (d), for various particle aspect ratios ranging from spheres α = 1
to rods α = 100. Ra = 109 , Pr = 1.

parallel to the x axis [see Fig. 3(c)], but the alignment remains
noticeable also in the bulk, where the velocity has a dominant
vertical component.
On the contrary, the alignment of the anisotropic particles with
e1 is weak [Fig. 3(a)], a feature that was already observed in the case
of homogeneous 2D turbulent flow.23 This can also be understood
by reformulating Eq. (6) in terms of the angle θ1 formed by e1 with
the x-axis. This gives (see the Appendix)
1
α2 − 1 √ 2
θ̇ = ω − 2
Sxx + S2xy sin(2(θ − θ1 )).
(8)
2
α +1
If vorticity was absent, the above equations would have a fixed point
θ = θ1 + nπ/2 with n = 0, 1, independently of the aspect ratio.
This means that both the alignment with e1 and with the orthogonal eigenvector e2 are equally favored. However, the presence of
vorticity, which is, moreover, space and time dependent, inevitably
perturbs and removes such equilibrium positions.
Another salient aspect is the nearly orthogonal alignment of
rod-like particles with the local temperature gradient [Fig. 3(d)].
This feature is related to the fact that the equation for the temperˆ = ∂T/∥∂T∥ shares similarities with
ature gradient orientation ∂T
the one of the anisotropic particles. One has
˙ˆ = Ω∂T
ˆ − S∂T
ˆ + (∂T)
ˆ T S∂T
ˆ ∂T
ˆ + O(κ),
∂T

(9)

where O(κ) denotes the diffusive terms that are linear in κ. It is possible to show that, when the diffusive terms are neglected, the unit
ˆ follows the same evolution of a vector orthogonal to p for
vector ∂T
α → ∞ (see the Appendix). This means that, in a statistical sense,
and when the effect of thermal diffusion is negligible (limit of large
Prandtl numbers), the orientation of ∂T shall be orthogonal to one
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of the thin rods. To our knowledge, this phenomenon has never been
reported or tested before. We also note that such an analogy is independent of the dimensionality, and therefore it must also hold in 3D
(in the 3D case, the orientation of very oblate particles, disks, will
preferentially align along the thermal gradient direction). The origin of this alignment is analogous to the one that exists between the
equation for the vorticity director and the Jeffery equation for a thin
rod (α → ∞).27
B. Tumbling rate
The observations made in Sec. III A can be further supported
by means of the study of the rotation rate of the particles. Because
this rotation is around an axis orthogonal to the particle symmetry direction, it is common to name it tumbling. We study here the
quadratic tumbling rate intensity, which can be expressed in terms
of the quantity ṗ ⋅ ṗ = θ̇2 . First, we visualize the instantaneous value
of such a quantity for both isotropic α = 1 and highly elongated particles α = 100 (see Fig. 4). Note that the quadratic tumbling rate of
isotropic particles is by definition proportional to the local fluid vorticity via θ̇2 = ω2 /4. As a result, we see that α = 1 particles tumble
vigorously near to walls, where the vorticity is generated and close
to vortex cores. The elongated particles clearly tumble much less at
the walls but show a similar tumbling rate distribution in the bulk,
maximal inside vortices although smeared down as compared to the
case of spheres.

ARTICLE
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Such qualitative differences are again better understood by
looking at their mean behaviors. Figure 5 shows the mean quadratic
tumbling rate (we use the average ⟨. . .⟩ with the same meaning as
before) normalized by the squared global dissipative time scale, i.e.,
ϵ/ν where ϵ = 2νS : S. Although this normalization is not the most
suitable for such a type of flow, which is strongly inhomogeneous, it
has the advantage to allow for a direct comparison of the intensity of
tumbling among different vertical positions. Indeed, here we clearly
observe that the tumbling rate is exceptionally high in the boundary layer. Furthermore, it is much higher for spheres as compared
to rods. This hierarchy is reverted in the bulk of the flow, where the
rods tumble slightly faster than spheres [Fig. 5(a)]. What happens
in the bulk of the flow? As we mentioned in the Introduction, in
three dimensional turbulence, anisotropic particles develop correlations with the flow gradient, and as a result, the mean tumbling rate
has a peculiar behavior as a function of the aspect ratio of the particles. In particular, prolate particles (α > 1) show a rapid decrease
in mean tumbling rate, (⟨ṗ ⋅ ṗ⟩)1/2 for increasing α and a saturation occurring at around α ≃ 5 to a value that is about 80% less than
the root-mean-square tumbling rate for spherical particles.2 In two
dimensional turbulence, such an effect has been reported to revert.23
A smooth increase in tumbling with α has been observed in 2D,
although with a dependence on the type of forcing applied to sustain
the turbulent flow.
In order to better understand the phenomenology of rotation, it
is particularly useful to adimensionalize the quadratic tumbling rate

FIG. 4. Visualization of the instantaneous local value of
quadratic tumbling rate for isotropic α = 1 (a) and highly
elongated particles α = 100 (b). The flow conditions are Ra
= 109 and Pr = 1, and the instant of time (and correspondingly the flow field) is the same as in Fig. 1.
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⟨θ̇2 ⟩
α
=
.
⟨ϵ⟩/ν 2(α2 + 1)

(10)

We observe that in the isotropic limit, α = 1, one gets 1/4, while
in the very elongated case, the rotation rate vanishes. This simplified model prediction is in excellent agreement with the simulations
[see the inset of Fig. 5(b)]. It is indeed known that Jeffrey orbits of
prolate particles are characterized by a non-uniform tumbling velocity that reaches its minimum when the particle orientation is along
the streamlines (and is maximal in the shear direction).24 This phenomenon is responsible for producing the observed alignment of
particles in near-wall regions.
A quantitative prediction might also be attempted for the bulk
of the system along the following lines. One can assume that in the
turbulent regime, (i) fluid velocity gradient components are statistically independent and (ii) they are uncorrelated with the particle
orientation angle. This leads to
2

1 α2 − 1
1
⟨θ̇2 ⟩ = ⟨ω2 ⟩ + ( 2
) [⟨S2xx ⟩ + ⟨S2xy ⟩].
4
2 α +1

(11)

The further assumption of (iii) statistical isotropy of the flow (see the
Appendix) leads to
2

⟨θ̇2 ⟩
1 1 α2 − 1
= + ( 2
).
⟨ϵ⟩/ν 4 8 α + 1

(12)

Note that the above expressions correctly predict an increase in the
quadratic tumbling rate with α. However, the predicted tumbling
rate appears to be quite off from what is observed in the bulk of the
system [see Fig. 5(b)]. The reason of this offset can be principally
ascribed by the assumption of statistical isotropy of the flow. Indeed,
a direct test of isotropy, reported in Fig. 6, shows the net dominance
of the vorticity in the bulk of the system. A direct comparison of
Eq. (11) with the measurements captures the correct trend for the
FIG. 5. (a) Mean quadratic tumbling rate, ⟨θ̇2 ⟩, as a function of the distance from
the wall y ∈ [0, H/2] for different particle aspect ratios. The tumbling rate is normalized by means of the global energy dissipation rate ϵ. The inset reports a
zoomed-in view of the wall region. (b) Same as before but with a normalization
based on the local dissipative energy dissipation rate ⟨ϵ⟩. The dotted line reports
the no-correlation prediction (11) for α = 100, the continuous horizontal lines give
the values of the isotropic flow prediction (12) for α = 1 (minimum value) and α
= 100 (maximum value). The inset reports the values (datapoints) of the normalized quadratic tumbling rate at the wall (y = 0) and a comparison with the prediction (10), which describe the tumbling in a plane shear flow, also named Jeffery
tumbling.

at a given distance from the wall by the time scale based on the local
energy dissipation rate ⟨ϵ⟩/ν, which is shown in Fig. 5(b). It appears
that with this rescaling, the rotation rate at the wall for spheres is
close to the value 1/4, while for anisotropic particles, it tends to vanish. This feature is explained by taking into account that close to the
walls, the shear term γ̇ = ∂y ux is the dominant one. If we assume it to
be time and space (along the x direction) independent and we plug
it into the Jeffery equation, one gets the prediction for the tumbling
rate in the case in which the particles are performing the so-called
Jeffery orbits (see the Appendix for a derivation),

Phys. Fluids 32, 023305 (2020); doi: 10.1063/1.5141798
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FIG. 6. Check of local small-scale flow isotropy: The continuous lines represent
⟨ω2 ⟩, ⟨S2xx ⟩, and ⟨S2xy ⟩ in ⟨ϵ⟩/ν units (i.e., local dissipative units) as a function of
the distance from the wall y ∈ [0, H]. The color shadow around the lines indicates
the standard deviation error bars. The dashed lines provide the values expected
in the isotropic case, ⟨ω2 ⟩ν/⟨ϵ⟩ = 1 and ⟨S2xx ⟩ν/⟨ϵ⟩ = ⟨S2xy ⟩ν/⟨ϵ⟩ = 1/8. The
dotted line reports the value (1/4) expected for plane shear flow, when the only
non-null velocity gradient component is ∂ y ux . Ra = 109 , Pr = 1.
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tumbling in the bulk. This is reported Fig. 5(b) where the dotted line
corresponds to Eq. (11) for α = 100. Note that the no-correlation prediction obviously fails in the BL and near wall regions, where the
already discussed Jeffery tumbling occurs.
C. Rayleigh number dependence
How general is the description we have provided so far? In this
section, we examine the dependence of our findings with respect to
the level of turbulence in the system. In order to do so, we compare
the averaged nematic orientations and quadratic tumbling rates of
isotropic α = 1 and highly anisotropic particles α = 100 at varying
the Ra number of the flow. This is obtained by means of numerical simulations in which all the simulation parameters are kept the
same, except the size of the bounding box. We explore the range
Ra ∈ [2.4 × 105 , 8 × 109 ].
The results on nematic ordering for the most anisotropic particles α = 100 are reported in Fig. 7. One can appreciate that the wall
alignment at the system boundaries is a persistent feature at any Ra
number. However, larger values of Ra produce a thinning of such
regions, which probably reflects the thinning of kinetic BL. The bulk
region of the system tends to lose any trace of preferentially vertical
alignment and get closer to a value ⟨N⟩ ∼ 0 indicating an isotropization of the orientation. Indeed, the mechanism leading to the vertical
alignment in the bulk for highly anisotropic particles is the same
occurring for the horizontal alignment at the walls, i.e., plane-shear
dominated tumbling occurring at the edge of large scale circulation
cells where up- or down-welling occurs. The regularity of LSC weakens with the increase in Ra and so the observed vertical alignment in
the bulk.
Figure 8(a) reports the tumbling rate for spheres and elongated
particles with the global dissipative time normalization at varying
Ra numbers. We observe an overall enhancement of tumbling at
increasing Ra, both in the near-wall and bulk regions. The measurements also confirm the stronger tumbling for spheres than rods close
to the walls.

FIG. 8. (a) Mean quadratic tumbling rate, ⟨θ̇2 ⟩, as a function of the distance from
the wall y ∈ [0, H/2] at different Ra numbers for α = 1 (top) and α = 100 (bottom).
The tumbling rate is normalized by means of the global energy dissipation rate ϵ.
(b) Same as above but with a normalization based on the local dissipative energy
dissipation rate ⟨ϵ⟩. The dashed horizontal lines gives the values of the isotropic
flow prediction (12), respectively, 1/4 and 3/8 for α = 1 and α = 100.

FIG. 7. Local nematic order parameter as a function the distance from a horizontal
wall in the system for particles of aspect ratios α = 100 and for Rayleigh numbers
Ra ∈ [2.4 × 105 , 8 × 109 ].
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Figure 8(b), which uses the local energy dissipation rate normalization, highlights the attainment of isotropy in the bulk of
the system at increasing Rayleigh. The predictions (12) based on
the decorrelation with the gradient and isotropization are nearly
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satisfied for the highest Ra simulated. The system isotropization
at the highest Ra is independently confirmed by a direct check of
isotropy (see the supplementary material). This measurement confirms that in the asymptotic Ra limit, rods will tumble slightly more
than spheres in the bulk of the system, just the opposite trend as
compared to rods in 3D turbulent flows.

ARTICLE

APPENDIX: ANALYTICAL DERIVATIONS ON PARTICLE
TUMBILNG RATE IN TWO-DIMENSIONAL FLOWS
1. Equation for the dynamics of the particle
orientation angle θ (or Jeffery equation in 2D)
The dynamics of the orientation unit vector p of an ellipsoidal inertialess axi-symmetric particle in a spatially linear flow is
described by the following equation:

IV. CONCLUSIONS
In this work, we have explored the rotational dynamics of
anisotropic fluid tracer particles in the Rayleigh–Bénard flow in two
dimensions. We showed that elongated particles align preferentially
with the direction of the fluid flow, i.e., horizontally close to the
isothermal walls and dominantly vertically in the bulk. This behavior is due to the large scale circulation flow structure, which induces
strong shear at wall boundaries and in up/down-welling regions. In
shear dominated regions, the particles perform Jeffery orbits and
therefore their rotation rate slows down for orientations parallel to
the flow (and orthogonal to the shear direction). The near-wall horizontal alignment of rods persists at increasing the Rayleigh number,
while the vertical orientation in the bulk is progressively weakened
by the corresponding increase in turbulence intensity. Furthermore,
we showed that very elongated particles are nearly orthogonal to
the orientation of the temperature gradient, an alignment independent of the system dimensionality and which becomes exact in the
limit of infinite Prandtl numbers. Tumbling rates are extremely vigorous adjacent to the walls, in particular, for nearly isotropic particles. At Ra = 109 , the root-mean-square tumbling rate for spheres
is O(10) times stronger than for rods. In the turbulent bulk, the
situation reverses and rods tumble slightly faster than isotropic particles, in agreement with earlier observations in two-dimensional
turbulence.
Additionally, the tumbling dynamics at the center of the system
allows us to assess the level of statistical isotropy of the flow system.
It appears that such an isotropy is not yet fully recovered at the highest Rayleigh number simulated in this study (Ra = 8 × 109 ). This
suggests the possibility to use rods as a proxy to estimate isotropy in
two-dimensional flows. We have provided a relation that links the
tumbling rate to the aspect ratio in the case of a statistically isotropic
flow. We plan, in a forthcoming study, to extend our investigation
to the case of anisotropic particles in a realistic three-dimensional
convective system.
SUPPLEMENTARY MATERIAL
See the supplementary material for further statistical checks on
simulations at Ra = 109 and for additional figures corresponding to
the case Ra = 8 × 109 , i.e., the highest Rayleigh number numerically
explored in this study.
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ṗ = Ωp + Λ(Sp − (pT Sp) p)
with

1
Ω ≡ (∂u − (∂u)T ),
2

S≡

(A1)

1
(∂u + (∂u)T ),
2
(A2)

∂u ∂ux ∂ux
⎛ x
⎞
⎜ ∂x ∂y ∂z ⎟
⎜
⎟
⎜∂uy ∂uy ∂uy ⎟
⎟
∂u = ⎜
⎜ ∂x ∂y ∂z ⎟,
⎜
⎟
⎜
⎟
⎜∂uz ∂uz ∂uz ⎟
⎝ ∂x ∂y ∂z ⎠

Λ=

α2 − 1
,
α2 + 1

where α = l/d is the length over diameter aspect ratio and ∂u(r(t),
t) is the fluid velocity gradient tensor at the particle position r(t). In
two-dimension, the above equation can be simplified by using the
following relations:
cos θ
px
),
(A3)
p=( )=(
sin θ
py
1 ∂ux ∂uy ⎞
⎛
0
(
−
)
⎜
0 Ωxy
2 ∂y
∂x ⎟
⎜
⎟
Ω=(
)=⎜
⎟
−Ωxy 0
⎜1 ∂uy ∂ux
⎟
(
−
)
0
⎝2 ∂x
⎠
∂y
0 −ω/2
=(
),
ω/2 0

(A4)

∂ux
1 ∂ux ∂uy ⎞
⎛
(
+
)
⎜
Sxx Sxy
∂x
2 ∂y
∂x ⎟
⎟
S=(
)=⎜
⎟
⎜ ∂u
Sxy Syy
∂uy
⎟
⎜1
∂ux
y
(
+
)
⎠
⎝2 ∂x
∂y
∂y
Sxx Sxy
=(
),
Sxy −Sxx

(A5)

where ω is the vorticity pseudo-scalar (defined as ωẑ = ∂ × u), and
the relation Syy = −Sxx is a direct consequence of the flow incompressibility, ∂⋅u = 0. The equations for px and py are redundant, and
we just develop the one for the x component,
p˙x = Ωxy py + Λ[Sxx (px − p3x + px p2y ) + Sxy (py − 2p2x py )],

(A6)

and by introducing the angle θ, it becomes
θ̇ = −Ωxy − Λ[Sxx sin(2θ) − Sxy cos(2θ)]

(A7)

or
1
θ̇ = ω − Λ[Sxx sin(2θ) − Sxy cos(2θ)].
2
The latter equation is consistent with Eq. (1) of Ref. 22.

(A8)
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2. Equation of particle orientation with respect
to the rate-of-strain eigenvalues

4. Predictions for the mean quadratic tumbling
rate in two-dimensions

The symmetric tensor S has two orthogonal eigenvectors e1 and
e2 and real eigenvalues λ1 , λ2 , which are opposite in sign due to the
incompressibility of the flow. This means that

The tumbling rate in two dimensions is defined by ⟨ṗ⋅ ṗ⟩ = ⟨θ̇2 ⟩.
We begin from

S S
λ 0 e1
S = ( xx xy ) = (e1 , e2 )( 1
)( ),
Sxy −Sxx
0 −λ1 e2
√
where λ1

=

S2xx + S2xy . By introducing e1

(A9)

cos θ1
= (
) and
sin θ1

cos (θ1 + π/2)
− sin θ1
e2 = (
)=(
), one gets
sin (θ1 + π/2)
cos θ1
√
Sxx = S2xx + S2xy cos(2θ1 ),
√
Sxy = S2xx + S2xy sin(2θ1 ),
which can be substituted into Eq. (A8) to obtain
α2 − 1 √ 2
1
Sxx + S2xy sin(2(θ − θ1 )).
θ̇ = ω − 2
2
α +1

(A10)

˙ = −(∂u) ∂T + κ ∂ ∂T,
∂T

(A16)

In a plane shear flow γ̇ = ∂y ux , the evolution equation for the
orientation (A16) becomes
2
1
cos(2θ)),
(A17)
θ̇ = γ̇(−1 + αα2−1
+1
2
and with the initial condition θ(t 0 ) = θ0 , it can be solved as
tan(θ) =

−γ̇(t − t0 )
1
tan(
+ atan(α tan(θ0 ))),
α
α + 1/α

T=

(A18)

π
1
(α + ).
α
γ̇

(A19)

By deriving with respect to time (A18) and setting for simplicity
t 0 = 0, θ0 = 0, one obtains

(A12)

where the superscript dot symbol (⋅) denotes, as for the particles, the
derivative in the Lagrangian reference frame. The equation for the
ˆ = ∂T/∥∂T∥ is obtained by taking into account
unit norm vector ∂T
ˆ T ∂T
ˆ = 1,
the normalization constraint (∂T)
˙ˆ = −(∂u)T ∂T
ˆ + (∂T)
ˆ T S∂T
ˆ ∂T
ˆ + O(κ)
∂T

sin(2θ) − Sxy cos(2θ)].

a. Stationary plane shear flow

(A11)

Taking the gradient of the advection diffusion equation for
temperature (3), one gets
2

α2 −1
[S
α2 +1 xx

and note that with our shear direction choice, the angle decreases
with time (see Fig. 9). The above solution is periodic with a period T
required for a rotation of π,

3. Lagrangian equation for the temperature
gradient orientation

T

θ̇ = 21 ω −

−γ̇t

θ̇ =

2
2
t
−γα2 tan ( α+1/α ) + 1
πα tan (−π T ) + 1
=
−
,
α2 + 1 tan2 ( −γ̇t ) + α2
T tan2 (−π Tt ) + α2

(A20)

α+1/α

which can be squared and averaged over its period T,
α
α
ϵ
⟨θ̇2 ⟩ = γ̇2
=
.
2(α2 + 1) ν 2(α2 + 1)

(A21)

(A13)

or
˙ˆ = Ω∂T
ˆ − S∂T
ˆ + (∂T)
ˆ T S∂T
ˆ ∂T
ˆ + O(κ),
∂T

(A14)

where O(κ) denotes the dissipative terms of linear order in κ. Apart
from the dissipative terms, one can immediately remark the strict
similarity with the Jeffery equation (5) for p in the limit α → 0, which
represents the limit of a thin oblate particle (i.e., a disk) in 3D.
The scalar product between the particle orientation Eq. (5) and
ˆ leads to
∂T
d T ˆ
ˆ − [Λ(pT Sp) − (∂T)
ˆ T S∂T]
ˆ
(p ∂T) = (Λ − 1)pT S∂T
dt
ˆ + O(κ),
× pT ∂T
(A15)
which neglecting the terms associated with the dissipation and in
ˆ = 0.
the limit Λ → 1 (α → ∞) has a fixed point solution for pT ∂T
Note also that in dimensionless dissipative units, the diffusive terms
become proportional to Pr−1 , meaning that the alignment does not
decrease by changing the turbulence intensity (Ra number in this
specific case), but it depends on the ratio between diffusive and
ˆ and
viscous processes. Therefore, exact orthogonality between ∂T
p can be reached only in the Pr → ∞ limit.
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FIG. 9. Anisotropic particle in a plane linear shear flow, i.e., ux (y) = γ̇y with
γ̇ = const. > 0.
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b. Uncorrelated orientation

⟨S2xx ⟩ = ⟨S2yy ⟩ = ⟨S2xy ⟩ =

We assume that the fluid velocity gradient components are statistically independent and that they are uncorrelated with the particle orientation angle. By squaring and averaging over time and
ensembles Eq. (A16), one obtains
2

2

1
1 α −1
⟨θ̇ ⟩ = ⟨ω2 ⟩ + ( 2
) [⟨S2xx ⟩ + ⟨S2xy ⟩].
4
2 α +1
2

(A22)

c. Uncorrelated orientation and statistical isotropy and
homogeneity
By taking into account the isotropic relations derived in Subsection 5 of the Appendix [Eq. (A33)], we find
2

⟨θ̇2 ⟩ 1 1 α2 − 1
= + ( 2
).
ϵ/ν
4 8 α +1

(A23)

5. Statistical isotropy and homogeneity
in two-dimensions
The present derivation follows the one provided in Ref. 28 for
3D flows. The general form for a fourth order isotropic tensor is
⟨∂i uj ∂k ul ⟩ = A δij δkl + B δik δjl + C δil δjk ,

(A24)

where the indices i, j, k, l can all independently take the labels x, y.
The summation over repeated indices is assumed in the following.
The flow incompressibility, ∂ i ui = 0, implies that
⟨∂i ui ∂k ul ⟩ = 0,

(A25)

the homogeneity, i.e., statistical translational invariance, of the system instead implies that
⟨∂i uj ∂j ui ⟩ = 0,

(A26)

and finally, the definition of energy dissipation rate is
ν⟨∂i uj ∂i uj ⟩ = ⟨ϵ⟩.

(A27)

The three above equations lead to the system
⎧
⎪
2A+B+C =0
⎪
⎪
⎪
⎨2 A + 2B + 4 C = 0
⎪
⎪
⎪
⎪
⎩2 A + 4B + 2 C = ⟨ϵ⟩/ν,

(A28)

and B = 3⟨ϵ⟩
, and this leads
which gives as a solution A = C = − ⟨ϵ⟩
8ν
8ν
to
⟨ϵ⟩
(3δik δjl − δij δkl − δil δjk ),
⟨∂i uj ∂k ul ⟩ =
(A29)
8ν
and therefore
⟨ϵ⟩
⟨(∂x ux )2 ⟩ = ⟨(∂y uy )2 ⟩ =
,
(A30)
8ν
⟨(∂x uy )2 ⟩ = ⟨(∂y ux )2 ⟩ =
⟨∂x uy ∂y ux ⟩ = −

⟨ϵ⟩
,
8ν

or also
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3⟨ϵ⟩
,
8ν

(A31)

(A32)
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⟨ϵ⟩
,
8ν

⟨ω2 ⟩ =

⟨ϵ⟩
.
ν

(A33)
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