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Convective flows and phase change

Persistent lava lake of Mount Nyiragongo

Lava lakes Magma cambers

Ice melt ponds

Arctic ICESCAPE mission, NASA,  July 12, 2011
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Magma ocean

Melt ponds!
formation

reduced !
albedo

increased!
Earth!

temperature

Melt pond-related physical processes and lifecycle

Stage I : Formation, late May – Mid-June

Sea ice

Snow cover
Melt pond

Eicken et al., 
2002

• Snow and sea ice surface melt feed melt ponds
• Lateral water transport – losses in cracks
• Impermeable ice => large hydraulic head, initiation of vertical drainage

Ice-albedo positive feedback 
                                mechanism



Thermal convection in Arctic ice melt ponds  
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Melt pond-related physical processes and lifecycle

Stage I : Formation, late May – Mid-June

Sea ice

Snow cover
Melt pond

Eicken et al., 
2002

• Snow and sea ice surface melt feed melt ponds
• Lateral water transport – losses in cracks
• Impermeable ice => large hydraulic head, initiation of vertical drainage

warm air ~ 2oC

cold ~ 0 o C

hmax ~ 1 m

Unstable stratification due to !
water density anomaly below ~4oC

melt rate!

~ cm /dayice

melt-water

How does the heat-flux scale in a pond?

H = 10 cm

Thermal convection in ponds is turbulent
�T = 0.2 K Ra = 106 	up	to	Ra	~109				with	Pr	~	10}

Malkus (1954) scaling  
Taylor	&	Feltham,	“A	model	of	melt	pond	evolution	on	sea	ice”,	J.	Geophys.	Res.	109,(2004).	

Lüthje,	Mikael,	et	al.	"Modeling	the	summertime	evolution	of	sea-ice	melt	ponds."	J.	Geophys.	Res.	111	(2006).

Nu ' 0.04 Ra1/3



A model system

Ts = Tm
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Basal melting driven by natural thermal convection  (CM)



Equations for the model system
Boussinesq	equations

+	Boundary	conditions
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liquid

phase-change !
interface 

bottom wall 
  lateral walls !
  periodic bc 



Control parameters
length

time

temperature
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Dimensionelss	formReference	scales

Γmin =
   L   

Stefan Prandtl Rayleigh Aspect	ratio

local	liquid	fraction

Effective		
Rayleigh

Effective		
Aspect	ratio

H(t)

Hmax

L
!
Davis, S.H. et al.  J. Fluid Mech. 144, 133–151 (1984).$

Ts = Tm

Raeff =
�⇢0g�TH(t)3

µ
�eff =

L

H(t)



Global heat budget

Qout

solid

liquid H(t)
Qin
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Ulvrová,	Labrosse,	et	al.			
Phys.	Earth	and	Planetary	
Interiors	(2012)

Effective		
Nusselt		
number

Nueff (t) =
Q(t)

⇢0cp
�T
H(t)

Convective regime?

Conductive regime: 
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and in dimensionless units:

Nuineff =
1

St
h�li d h�li

dt̃
+

h�li
V

Z

V
@t̃T̃ dx

3. (33)

We now observe that

h. . .i = 1

V

Z

V
. . . dx3 = h�lih. . .iV

l

+ (1� h�li)h. . .iV
s

and applying this to @t̃T̃ one obtains

Nuineff =
1

2St

dh�li2
dt̃

+ h�li2h@t̃T̃ iVl

+ (h�li � h�li2)h@t̃T̃ iVs

(34)

In the special case in which the solid is initially uniformly at the melting temperature Tm, no
conduction occurs in the solid phase and hence h@t̃T̃ iVs

= 0, one is allowed to directly link
the outgoing it heat flux with the melting fraction variation over time.

In summary, in the system when the solid is initially at melting temperature we have:

Nuineff = �
D
@z̃T̃ |z=0

E

A
h�li (35)

Nuouteff =
1

2St

d h�li2
dt̃

(36)

Nuineff � Nuouteff = h�li2 h@t̃T̃ iVl

> 0 (37)

The last inequality follows from the fact that one is expected that not all the heat-flux will
follow through the cell, but that a part of it will be used to warm up the liquid to a temperature
in between the minimum value Tm and the maximum T0.

Heat flux in the conductive case

The conductive solution of the melting problem, known as Stefan solution [7] tells that the
phase-change interface shall stay horizontal at all times and advance in time as

zm(t) = 2�
p
t, (38)

where the parameter � is “rate” of melting that can be found from

� exp(�2) erf (�) =
Stp
⇡

(39)

Note that this imply that h�li = 2�
p
t̃, therefore

Nuouteff =
2�2

St
.

Furthermore by using the temperature profile given by the Stefan solution

Tc(z, t) = T0 � (T0 � Tm)
erf

�
z/(2

p
t)

�

erf(�)
(40)

One gets

Nuineff =
� @zTc(z, t)|z=0

 �T/zm(t)
=

2�2

St
e�

2
. (41)

We observe that both in and out Nusselt numbers are time independent and they di↵er by
a constant factor that is also St number dependent.

In the limit of small St, by Taylor expanding the lhs of eq (39) one can show that � 'p
St/2 and zm(t) =

p
2 St t, therefore Nuouteff ' 1 and Nuineff ' 1 + St/2.

H
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independent	of	time	and	>	1
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Nueff	(Raeff	,	Pr,	St	)	=	?
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Global heat flux: convection

Conductive	case	and	St	small

RB	Malkus	scaling

RB	Ultimate	regime

~

am
~ 2

2

constant	melt	front	speed

constant	melt	front	acceleration

global	
liquid	fraction
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DNS results: convective melting in 2D

St=1 , Pr= 10 ,  Γmin = 2
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Nusselt vs Rayleigh (2D)

•Delayed	onset	compared	
to	RB	and	rapid	growth	

									(Kim,	Lee	,	Choi	2008)	
									(Vasil	&	Proctor	JFM	2011)	
!
•Nueff	>	Nu	@RB	(~20%)		
but	vanish	at	large	Ra	

!
•Consistent	with		

											Ulvrova	et	al.	(2012)		 		
(although	different	conditions:		
Pr	=	7	,	St	=1.1,	free-slip	walls	+	
adiabatic	lateral	walls	)

inflowing heat flux 
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M. Ulvrova, et al.

conductive
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Reynolds vs Rayleigh (2D)

Why convective melting is so similar to RB? 

Similar scaling as in RB system 

Reeff =
urms H(t)

⌫
typical fluid !
velocity amplitude

16

characteristic velocity scales in the system. The first scale is the typical flow intensity urms,V
l

,
while the second is the mean melt front velocity vm = dH(t)/dt. It makes sense to assume
that the CM system will behave as the RB if the melt front moves slowly with respect to the
flow intensity, vm ⌧ urms,V

l

. This relation can be recast in dimensionless form, via (36) and
(49):

Nuouteff ⌧ Pr Reeff
St

. (50)

Because here Pr/St = 10, it is clear than that the above condition is always fulfilled, even
when we use in the estimate of the values Nuineff (which are always larger than Nuouteff ).

C. Scaling in the 3D system

The di↵erences in terms of the mean global-heat flux between the 2D and 3D flows have
been already investigated for the RB system. Recently, Erwin P. van der Poel, et al.[19]
have demonstrated numerically di↵erences and similarities between lateral bounded 2D and
3D RB systems. In their study, which reached up to Ra = 108 with 0.045  Pr  55 and
� = 1, it has been observed that the total flux of the 2D system follows same scaling laws
with respect to Ra as the 3D system, however with an approximately constant multiplicative
factor (Nu2D ' K ·Nu3D with K < 1).

As a preliminary numerical test, we perform 2D and 3D RB simulations and check the
Nu�Ra dependence and its agreement with the Grossmann-Lohse (GL) theory [5][20], which
is one of the first successful theories to describe the Ra and Pr dependence of Nu and Re
over the wide parameter range. Although the GL theory is based on the assumption that the
system is laterally bounded by no-slip and adiabatic walls, the agreement appear satisfactory
and within the statistical accuracy of our numerics. Similarly to the previous 2D-3D study
[19] we observe that the two-dimensional system is weakly less e�cient in transporting heat,
although it is di↵erent, given the limited Ra-range covered, to make statements on scaling
exponents.

A similar 2D-3D hierarchy is displayed by the CM system. In this case however, as it
illustrated by figure (5), the heat flux in 3D appears scaling-wise di↵erent from the 2D. The
3D system seems to be able to transfer much more e�cient heat. The compensated plot,
figure (5), highlights that Nuineff ⇠ Ra1/3eff in the highest-Ra range explored numerically. We

note , as already observed in sect. III A, that a Ra1/3eff can be related to the fact that the
melting front speed vm ⌘ dH(t)/dt is just a constant. In other words the expansion of the
melt does not feel the height of the melt layer itself.

Contrary to what has been remarked for Nu, the Re�Ra scaling in the 3D system do not
show any noticeable di↵erence from the 2D system, and it is also very close to the RB system,
with a scaling exponent Reeff ⇠ Ra0.55eff . In agreement scaling-wise and amplitude-wise with
the GL theory (di↵erent in the amplitude are due mostly due to the di↵erences in lateral
boundary conditions).

D. Morphology of the phase-change interface

It has been long known that tiny variation in the bounding geometry of a convective cell can
a↵ect the thermal and kinetic boundary layers and as consequence produce variations on the
intensity of the mean heat-flux [21, 22]. The matter has been addressed first experimentally,

mean melting !
front speed

RB-like  
behaviour if 

urms

vm ⌧ urms

10-1

100

101
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103 104 105 106 107 108
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R
e e
ff
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N
u e
ffou
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Melting 2D

St Nuout

eff

⌧ Pr Re
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Convective melting in 3D

Ramax		=	8x106		
St	=	1	
Pr	=	10	
Γmin	=	1
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Nusselt vs Rayleigh (3D)

!
• Nueff 3D >  Nueff  2D   !

! same trend as  in 2D-3D RB system  ( E.P. van der Poel et al. JFM 2013)!
• Nueff 3D > Nu @RB 3D  (max increase 47% but transient effect)!
• Ra exponent < 1/3 

Ra1/3 compensated 

0.05

0.1

0.2

103 104 105 106 107 108
N
u e
ffin
/R
a e
ff
1/
3

Raeff

2D CM
2D RB
3D CM
3D RB
GL theory
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Interface shape analysis (1)

	time	
&	

height

Ra
max

= 1.5⇥ 107, P r = 10, St = 1

2D 3D



Interface shape analysis (2)

Longitudinal correlation length Lc vs Raeff

15

Height standard deviation  vs Raeff

Higher roughness in 3D Asymptotic	aspect	ratio	
of	flows	patterns	=	1

�c
H = 2⇡

kc

�
Rac
Ra

�1/3
<latexit sha1_base64="4NAuwUizlUTQQDvS6TDY3dy0YFE="></latexit><latexit sha1_base64="4NAuwUizlUTQQDvS6TDY3dy0YFE="></latexit><latexit sha1_base64="4NAuwUizlUTQQDvS6TDY3dy0YFE="></latexit><latexit sha1_base64="4NAuwUizlUTQQDvS6TDY3dy0YFE="></latexit>



Interface shape analysis (3)
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Roughness aspect ratio

Very	small	roughness,	
!
ineffective	on	Nu	modulation	
!
(Zhu,	Stevens,	Verzicco,	Lohse,		
PRL	119,	154501	(2017)

�m/Lc



• At	small-Ra	St	affects	the	convection	onset:	goes	to	RB	(Rac	=	1708)	for	St	->	0

Effect of Stefan number
Stefan

• At	high-Ra		only	St	weakly	increase	the	heat	flux:		Nu	~	St0.05					
17

(	Note	that	in		ice	melt	ponds		St	~	0.01	)



Summary	

18

1. RB	phenomenology	is	valid	:	RB	heat	Slux	captures	the	correct	order	of	magnitude	and	
asymptotic	scaling	for	Nueff		in	Convective	Melting	

!
	 Why?		urms		>>		vm						
!
	 Nueff	>	NuRB		for	moderate	Ra	->	not	yet	fully	understood	
					
		 Nueff	~	Raeff	α		with		α	<	1/3			->		front	speed	vm(t)	~	t<0		weakly	decreases	with	time	
!
2. Small	roughness,	and	interface	shape	controlled	by	large-scale	structures	Ar=1	
!
3. Weak		Nu	dependence	on	Stefan	for	St=[0.1,100]			
!
	 Nu	~	Raeff	α		St0			->		implies	front	speed	vm	~	St	 	

Basal	melting	driven	by	turbulent	thermal	convection	
B.	Rabbanipour	Esfahani,	S.	C.	Hirata,	S.	Berti	and	E.	Calzavarini	
arXiv:1801.03694		-	in	press	on	Phys.	Rev.	Fluids	(2018)



Perspectives
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For	more	realistic	modelling	of	melt	ponds:	

-	Radiative	heating	(non-homogeneous	volume	term)	

-	Effect	of	wind	stress		

-	Convection	in	a	cavity	and	measure	of	vertical/lateral	heat	Sluxes	

!
!
!!
	-	Simulating	the	merging	of	multiple	melting	cavities	

!


